UNIT 1: SETS

UNIT STRUCTURE
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1.14 Let Us Sum Up
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1.1 LEARNING OBJECTIVES

After going through this unit, you will be able to

I describe sets and their representations

1 identify empty set, finite and infinite sets

1 define subsets, super sets, power sets, universal set

I describe the use of Venn diagram for geometrical description of

sets
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1 illustrate the set operations of union, intersection, difference and
complement
I know the different algebraic laws of set-operations

1 illustrate the application of sets in solving practical problems.

1.2 INTRODUCTION

One of the widely used concepts in present day Mathematics is the
concept of Sets. It is considered the language of modern Mathematics. The
whole structure of Pure or Abstract Mathematics is based on the concept
of sets. German mathematician Georg Cantor (1845-1918) developed the
theory of sets and subsequently many branches of modern Mathematics have
been developed based on this theory. In this unit, preliminary concepts of

sets, set operations and some ideas on its practical utility will be introduced.

1.3 SETS AND THEIR REPRESENTATION

A set is a collection of well-defined objects. By well-defined, it is
meant that given a particular collection of objects as a set and a particular
object, it must be possible to determine whether that particular object is a
member of the set or not.

The objects forming a set may be of any sort—they may or may not
have any common property. Let us consider the following collections :

i) the collection of the prime numberslessthan15ie.,2, 3,5, 7, 11, 13
ii) the collection of 0, a, Sachin Tendulkar, the river Brahmaputra
iii) the collection of the beautiful cities of India
iv) the collection of great mathematicians.

Clearly the objects in the collections (i) and (ii) are well-defined.
For example, 7 is a member of (i), but 20 is not a member of (i). Similarly,
‘a’is a member of (ii), but M. S. Dhoni is not a member. So, the collections
(i) and (ii) are sets. But the collections (iii) and (iv) are not sets, since the
objects in these collections are not well-defined.

The objects forming a set are called elements or members of the

set. Sets are usually denoted by capital lettersA, B, C, ...; X, Y, Z, ..., etc.,
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and the elements are denoted by small letters a, b, ¢, ...; X, ¥, z, ..., etc.
If ‘a’ is an element of a set A, then we write a 1 A which is read as ‘a
belongs to the set A’ or in short, ‘a belongs to A'. If ‘a’ is not an element of
A, we write al Aand we read as ‘a does not belong to A'. For example, let
A be the set of prime number less than 15.
Then 21 A, 31T A5T A 71T A 111 A 14T A
11T A 41 A 171 A, etc.
Representation of Sets : Sets are represented in the following
two methods :
1. Roster or tabular method
2. Set-builder or Rule method
In the Roster method, the elements of a set are listed in any order,
separated by commas and are enclosed within braces, For example,
A={2, 3,5,7,11, 13}
B = {0, a Sachin Tendulcar, the river Brahmaputra}
C={1,3,5,7, ..}

In the set C, the elements are all the odd natural numbers. We

cannot list all the elements and hence the dots have been used showing %
that the list continues indefinitely. —

In the Rule method, a variable x is used to represent the elements NOTE
1) It should be noted
that the symbol ‘" of ‘|

stands for the phrase
A = {x: xis an odd natural number} ‘such that'.

of a set, where the elements satisfy a definite property, say P(x).

Symbolically, the set is denoted by {x : P(x)} or {x | p(x)}. For example,

B ={x:x?-3x+2=0} etc. 2) While writing a set in
Roster method, only
distinct elements are

If we write these two sets in the Roster method, we get,

A={1.3,5, .} listed. For example, if

B={12} A is the set of the

Some Standard Symbols for Sets and Numbers : The following letters of the word
standard symbols are used to represent different sets of numbers : MATHEMATICS, then

we write

N ={1, 2, 3, 4,5, ..}, the set of natural numbers
A={A E,C, M, H,T,

Zz ={.,-3,-2,-1,0,1, 2, 3, ...}, the set of integers s, 1)
Q ={x:x= p/q; p,gql Z,q?t 0}, the set of rational numbers The elements may be
R ={x:xis areal number}, the set of real numbers listed in any order.
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Z*, Q*, R* respectively represent the sets of positive integers,
positive rational numbers and positive real numbers. Similarly Z-, Q-, R~
represent respectively the sets of negative integers, negative rational
numbers and negative real numbers. Z° QO R° represent the sets of non-
zero integers, non-zero rational numbers and non-zero real numbers.

lllustrative Examples :

1. Examine which of the following collections are sets and which are
not :

i) the vowels of the English alphabet

i) the divisors of 56

i) the brilliant students degree-course of Guwahati

iv) the renowned cricketers of Assam.

Solution :

i) Itisaset,V={a,e,lio0,u}

i) Itisaset,D={1,2,4,7,8,14, 28, 56}

iii) not a set, elements are not well-defined.

iv) not a set, elements are not well-defined.

2. Write the following sets in Roster method :

i) the set of even natural numbers less than 10

ii) the set of the roots of the equation x>-5x+6 =0

ii) the set of the letters of the word EXAMINATION

Solution :

i) {2,4,6,8}

i) {2, 3}

iy {E, X,A, M, I, N, T, O}

3. Write the following sets in Rule method :

i) E={2,4,6, ..}

iy A={2,4,8,16, 32}

iy B={1,8, 27, 64, 125, 216}

Solution :

) E={x:x=2n,nT N}

i) A={x:x=2"n1 N,n<86}

i) B={x:x=n%nl N,n£6}

10
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CHECK YOUR PROGRESS

Q.1.

Q.2.

Q.3.

Express the following sets in Roster method :
i) A={x:xIisaday of the week}
i) B ={x:xis amonth of the year}
i) C={x:x>~1=0}
iv) D ={x:xis a positive divisor of 100}
v) E ={x:xis a letter of the word ALGEBRA}
Express the following sets in Set-builder method :
i) A={January, March, May, July, August, October,
December}
i) B={0,3,8,15,24, ..}
i) C={0, 45, £10, #15, ...}
iv) D={a,b,c, ..., XYz}
Write true or false :
) 5T N i) %l z i) —1T Q
iv) 2T R v) J-11T R vi) =31 N

1.4 THE EMPTY SET

Definition : A set which does not contain any element is called an

empty set or a null set or avoid set. It is denoted by ‘.

The following sets are some examples of empty sets.
) theset{x:x2=3andx1 Q}

ii) the set of people in Assam who are older than 500 years

iil) the set of real roots of the equation x2+ 4 =0

iv) the set of Lady President of India born in Assam.

1.5 FINITE AND INFINITE SETS

Let us consider the sets

A={1,2,3,4,5}

and B={1,4,7, 10,13, ..}

Business Mathematics (Block 1)
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NOTE
A finite set can always
be expressed in roster
method. But an infinite
set cannot be always
expressed in roster
method as the elements
may not follow a definite
pattern. For example,
the set of real numbers,
R cannot be expressed
in roster method.

If we count the members (all distinct) of these sets, then the counting
process comes to an end for the elements of set A, whereas for the elements
of B, the counting process does not come to an end. In the first case we
say that A is a finite set and in the second case, B is called an infinite set.
A has finite number of elements and number of elements in B are infinite.

Definition : A set containing finite number of distinct elements so
that the process of counting the elements comes to an end after a definite
stage is called a finite set; otherwise, a set is called an infinite set.

Example : State which of the following sets are finite and which
are infinite.

i) the set of natural numbers N

i) the set of male persons of Assam as on January 1, 2009.
i) the set of prime numbers less than 20
iv) the set of concentric circles in a plane

v) the set of rivers on the earth.

Solution :

i) N={1, 2, 3, ...}is an infinite set

i) itis a finite set
i) {2,3,5,7,11, 13, 17, 19} is a finite set
iv) itis an infinite set

v) itis a finite set.

1.6 EQUAL SETS

Definition : Two sets A and B are said to be equal sets if every
element of Ais an element of B and every element of B is also an element
of A. In otherwords, A is equal to B, denoted by A = B if A and B have
exactly the same elements. If A and B are not equal, we write A1 B.

Let us consider the sets

A={1,2}

B ={x: (x-1)(x-2) = 0}

C ={x: (x-1)(x—2)(x-3) = 0}

Clearly B={1, 2}, C={1, 2, 3tand hence A=B,A* C,B* C.
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Example : Find the equal and unequal sets : %
i) B={12 22, 33} NOTE

i) C={x:xisa letter of the word TEAM} According to equality of

: ts di d above,
iv) D={x:xis a letter of the word MEAT} Sels discussed above

the sets
v) E={1,{4}, 9} A={1,2,3}and
Solution: A=B,C=D,A* C,A* D,A*E,B*C,B*D,B*E, [B={1,2,2,2,3,1,3}
C'ED'E are equal, since every

member of Ais a
member of B and also
every member of B is a

_ member of A. This is why
Let us considerthe setsA={1, 2,3}, B={1,2,3,4}and C={3, 2, |. .
identical elements are

1}. Clearly, every element of Ais an element of B, but Ais not equal to B. [taken once only while

1.7 SUBSETS, SUPERSETS, PROPER SUBSETS

Again, every element of A is an element of C, and also A is equal to C. In |writing a set in the
Roster method.

both cases, we say that Ais a subset of B and C. In particular, we say that

Ais a proper subset of B, but Ais not a proper subset of C.

Definition : If every element of a setAis also an element of another
set B, then Ais called a subset of B, or Ais said to be contained in B, and
is denoted by A | B. Equivalently, we say that B contains A or B is a
superset of A and is denoted by B E A. Symbolically, Al B means that
forall x, if x1 Athenx1 B.

If Ais a subset of B, but there exists atleast one element in B which
is not in A, then A is called a proper subset of B, denoted by Al B. In
otherwords, Al BU (Al BandAt B).

The symbol ‘U ’ stands for ‘logically implies and is implied by’ (see
unit 5).

Some examples of proper subsets are as follows :

NI Z, NI QNI R,
Z1 Q,Z1 R, QI R.

It should be noted that any set Ais a subset of itself, that is, Al A.
Also, the null set f is a subset of every set, that is, f I A for any set A.
Because, if f | A, then there must exist an element x1 f such thatx1 A.

Butx T f, hence we must accept that f | A.
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getA=

Combining the definitions of equality of sets and that of subsets, we
BU (Al BandBi A)
lllustrative Examples :

Write true or false :

iy 11 {1,2, 3}
i) {1,2} {1,2, 3}
i)y f1 {fh

iv) £ 1 {f, {1}, {a}}
v) {a, {b}, c,d}I {a,b,{c}, d}
Solution :
i) False, since11 {1, 2, 3}.
i) True, since every element of {1, 2} is an element of {1, 2, 3}.
iii) False, since f is not an element of {{f }}.
iv) True, since f is subset of every set.
v) False, since {b}| {a, b, {c},d}andcl {a, b, {c}, d}.

1.8

POWER SET

Let us consider a set A= {a, b}. A question automatically comes to

our mind— ‘What are the subsets of A?’ The subsets of Aare f, {a}, {b} and

A itself.

These subsets, taken as elements, again form a set. Such a set is

called the power set of the given set A.

Definition : The set consisting of all the subsets of a given setAas

its elements, is called the power set of A and is denoted by P(A) or 24

Thus, P(A)or 22 ={X: X1 A}

Clearly,

P(f) ={f}

if A= {1}, then PA={f, {1}}

if A= {1, 2}, then P~ ={f, {1}, {2}, A}

if A={1, 2, 3}, then PA={f, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, A}

From these examples we can conclude that if a set Ahas n elements,

then P(A) has 2" elements.

14
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1.9 UNIVERSAL SET

A set is called a Universal Set or the Universal discourse if it
contains all the sets under consideration in a particular discussion. A
universal set is denoted by U.

Example :

i) Forthe sets {1, 2, 3},{3,7, 8}, {4, 5, 6, 9}

We cantake U={1, 2,3,4,5,6,7,8, 9}

i) In connection with the sets N, Z, Q we can take R as the universal
set.
iii) In connection with the population census in India, the set of all

people in India is the universal set, etc.

[ 7 4
£ "\ /
-G e Z /

' CHECK YOUR PROGRESS

Q.4. Find the empty sets, finite and infinite sets :
i) the set of numbers divisible by zero
i) the set of positive integers less than 15 and divisible by
17
iii) the set of planets of the solar system
iv) the set of positive integers divisible by 4
v) the set of coplaner triangles
vi) the set of Olympians from Assam participating in 2016,
Rio Olympic.
Q.5. Examine the equality of the following sets :
i) A={2, 3}, B={x:x2-5x+6 =0}
i) A={x:xis aletter of the word WOLF}
B = {x: x is a letter of the word FLOW}
i) A={a,b,c},B={a,{b,c}}
Q.6. Write true or false :
) {1,3,5}1 {5,1,3} i) {a}l {{a}, b}
i) {x:(x=1)(x=2) = 0} E {x : (x>=3x+2)(x=3) = 0}
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Q.7. Write down the power sets of the following sets :
) A={1,2,3,4} i) B={1,{2, 3}
Q.8. Give examples to show that (Al BandBi C)b Al C.

1.10 VENN DIAGRAM

Simple plane geometrical areas are used to represent relationships
between sets in meaningful and illustrative ways. These diagrams are called
Venn-Euler diagrams, or simply the Venn-diagrams.

In Venn diagrams, the universal set U is generally represented by
a set of points in a rectangular area and the subsets are represented by
circular regions within the rectangle, or by any closed curve within the
rectangle. As an illustration Venn diagrams of Al U,Al B1 U are given

below :

Similar Venn diagrams will be used in subsequent discussions

illustrating different algebraic operations on sets.

1.11 SET OPERATIONS

We know that given a pair of numbers x and y, we can get new
numbers x +y, X —y, Xy, X/y (with y * 0) under the operations of addition,
subtraction, multiplication and division. Similarly, given the two sets A and
B we can form new sets under set operations of union, intersection,
difference and complements. We will now define these set operations,

andthe new sets thus obtained will be shown with the help of Venn diagrams.

1.11.1Union of Sets

Definition : The union of two sets A and B is the set of all

elements which are members of set A or set B or both. It is denoted

16
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by AE B, read as ‘Aunion B’where ‘E’is the symbol for the operation
of ‘union’. Symbolically we can describe A E B as follows :

AEB={x:x1 Aorx1 B}
U

A E B (Shaded)
It is obvious that Al AEB,Bi AE B
Example1: LetA={1,2,3,4},B={2,4,5, 6}
ThenAE B=1{1, 2, 3, 4,5, 6}
Example 2 : Let Q be the set of all rational numbers and K be the
set of all irrational numbers and R be the set of all real numbers.
ThenQE K=R
Identities : If A, B, C be any three sets, then
) AEB=BEA
i) AEA=A
i) AEf=A
iv) AEU=U
v) (AEB)EC=AE (BEC)
Proof :
) AEB ={x:x1 Aorx1 B}
={x:xT Borx1 A}
=BEA
i) AEA ={x:x1T AorxT A}={x:xT A}=A
i) AEFf ={x:xT Aorx1 f}={x:xT A}=A
iv) AEU ={x:x1 AorxI1 U}
={x:xT U}, since Al U
=U
v) (AEB)EC ={x:x1 AEBorxI C}
={x:(xT AorxT B)orxI C}
={x:xT Aor(xT Borxl C}
={x:x1 Aorx1 BE C}
=AE (BE C)
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1.11.2 Intersection of Sets

Definition : The intersection of two sets A and B is the set of all

elements which are members of both A and B. It is denoted by AC

B, read as A intersections B’, where ‘C’ is the symbol for the

operation of ‘intersection’. Symbolically we can describe it as follows:
ACB={x:xT Aandx1 B}

U
A C B (Shaded)

From definition it is clear that if A and B have no common

element, then A C B = f. In this case, the two sets A and B are

called disjoint sets.

U

ACB=f
It is obvious thatAC Bi A,ACBI B.

Example1l: LetA={a,b,c,d},B={b,d, 4,5}
ThenAC B ={b, d}

Example2: LetA={1,2,3},B={4,5, 6}
ThenAC B =f.

Identities :

) ACB=BCA

i) ACA=A

i) ACf =f

iv) ACU=A

v) (ACB)CC=AC(BCC)

v ACBEC)=(ACB)E (ACC),

AEBCC)=(AEB)C(AEC)

18
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Proof :
) ACB ={x:x1 Aandx1 B}
={x:xT Bandx1 A}

=BCA
i) ACA ={x:x1 AandxI A}
={x:xT A}
=A
iii) Since f has no element, so Aand f have no common element.
Hence AC T =f

iv) ACU ={x:x1 AandxT U}
={x:x1 A}, since Al U
=A
V) (ACB)CC ={x:x1T ACBandxl C}
={x:(x1T Aand x1 B)and x1 C}
={x:x1 Aand (xT BandxI C}
={x:x1 Aandx1 BC C}
=AC(BCC)
vi) xT ACBEC)U x1 Aandx1 (BE C)
xT Aand (xT Borx1 C)
(xT AandxT B)or (xT AandxT C)
x1 (ACB)orxi (ACC)
x1 (ACB)E (ACC)
So,AC(BEC)i (ACB)E (AC C)
and ACB)E (ACC)i AC (BE C).
Hence, AC (BE C)=(ACB)E (AC C).
Similarly, it can be proved that AE (B C C) = (AE B) C (AE C).

o oo OO O©

1.11.3 Difference of Sets

Definition : The difference of two sets A and B is the set of
all elements which are members of A, but not of B. It is denoted by
A-B. Symbolically, A-B={x:x1 AandxI B}

Similarly, B-A={x:x1 BandxT A}

NOTE
x1 ACB
P xT AandxT B
But, x| ACB
P xI Aorx| B
Again, x1 AE B
P xT Aorxl B
But, x| AE B
P xI Aandx| B

Business Mathematics (Block 1)
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A — B (Shaded) B — A (Shaded)

Example :LetA={1, 2,3,4,5},B={1,4,5},C=1{6, 7, 8}
Then A-B={2,3}

A-C=A
B-C=B
B-A=f
Properties :
i) A—A=f

i) A—-BI A, B-Al B
i) A—B,AC B, B—Aare mutually disjoint and
(A-B)E (ACB)E (B—-A)=AEB
vy A-(BEC)=(A-B)C(A-C)
v) A-BCC)=(A-B)E (A-C)
Proof : We prove (iv), others are left as exercises.
xT A-BEC) U x1 AandxT (BE C)
xT Aand (xT Band x| C)
(xT Aand x| B)and (xT AandxT C)
xT (A-B)andx1 (A-C)
x1 (A-B)C (A-C)
So,A—(BEC)i (A—B)C(A-C),(A-B)C(A—C)i A-(BE C)
Hence, A—-(BE C)=(A-B)C (A-C).

o o o o

1.11.4 Complement of a Set

Definition : If U be the universal set of a set A, then the set of all
those elements in U which are not members of A is called the
Compliment of A, denoted by A€ or At

Symbolically, A¢={x : xT Uandx1 A}.
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Ac¢(Shaded)

Clearly, A¢=U —A.

Example: LetU={1,2,3,4,5,6,7,8,9tandA={2,4,6, 8}

Then A¢={1, 3, 5, 7, 9}
Identities : i) U¢=f,f¢=U
i) (AQ¢=A
iy AEAC=U,ACAC=f

iv) A—-B=ACB¢(B—-A=BCA¢
v) (AE B)¢=Ac¢C BG (A C B)¢= ACE B¢
Proof : We prove (AE B)¢=A¢C B¢ The rest are left as exercises.
(AEB)={x:x1 Uandxi AE B}

={x:xT Uand (x| AandxT B}
={x:(xT UandxT A)and (xT Uandxi B)}
={x:x1 Acand x1 B¢
= A¢C B¢

lllustrative Examples :
1. If u={1,23,4,5,6,7,8,9, 10}
A={2, 4,6,8,10}
B ={3, 6,9}
and C={1, 2, 3, 4, 5}, then find

() AE B, (i) AC C, (iii) B C C, (iv) A¢ (v) A E B¢ (vi) C¢C B,
(vii) ACE C¢ (viii) A— C, (ix) A— (B E C)¢ (x) ACC B¢

Solution: i) AEB=(2 3,4,86,8,9, 10}
iy ACC={2, 4}
i) BC C={3}
iv) A¢={1,3,5,7, 9}
v) B¢={1,2,4,5,7,8, 10}

So,AE B¢=1{1, 2,4,5,6, 7, 8, 10}

NOTE
The identities
(AE B)¢=A¢C Btand
(A C B)¢=ACE Bctare
know as DeMorgan’s
Laws.
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vi) C¢={6,7,8,9, 10}
So, C¢C B = {6, 9}
vii) From (iv) & (vi), ACE C¢={1, 3, 5, 6, 7, 8, 9, 10}
vii) A-C={6, 8, 10}
ix) BEC={1,2,3,4,5,6, 9}
(B E C)¢={7, 8, 10}
So, A— (BE C)¢={2, 4, 6}
x) From (iv) & (v), A¢C B¢={1, 5, 7}.
2. Verify the identities :
) AE(BCC)=(AEB)C (AEC)
i) (AE B)¢=A¢C B¢
taking A={1, 2,3}, B={2, 3,4}, C={3, 4,5} and
U={1,2,3,4,5,6}
Solution: i) BC C={3, 4}

AEBCC)={1,23,4 ... 1)
AEB={1,2 3,4,AEC={1,2,3,4,5}
(AEB)C(AEC)={1,2,3,4 ... )

From (1) & (2), we get
AE(BCC)=(AEB)C (AEC).

iy A¢={4,5, 6}, B¢={1, 5, 6}
A¢C B¢={5,6} ... (3)
(AE B)¢={1,2, 3,4}¢={5,6} ... (4)
From (3) & (4), wet get
(AE B)¢=A¢C B¢

o\
y—u
N\

CHECK YOUR PROGRESS

Q.9. Find the following sets :
) fC{f} i) {f} C {f}
i) {f, {f}} —{f} v) {f, {{}}-{{f}
Q.10. IfA={a, b,c},B={c,d, e}, U={a, b, c, d, e, f} then find
) AEB i) ACB iii) A—B iv) B—A v) A¢

22
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Q.11. fA={8n:nlT N},B={n:nl N,n<20}

Q.12. fA={x:x1 R, 1<x£7}L,B={x:x1 R, 3£x<12}

Q.13. Using numerical examples, virify that :

Q.14. Provethat:i)B—Al A¢ i) B—A¢=BCA

then find AC B, B — A.
then find AE B,AC B,A-B, B -A.
i) A—B=B¢-AC¢C

i) (A—B)E (B—A)=(AEB)—(AC C)
i) A—-(BCC)=(A-B)E (A-C)

i) AEB=fb A=fandB=f1.

1.12 LAWS OF THE ALGEBRA OF SETS

In the preceding discussions we have stated and proved various

identities under the operations of union, intersection and complement of

sets. These identities are considered as Laws of Algebra of Sets. These

laws can be directly used to prove different propositions on Set Theory.

These laws are given below :

1.
2.
3.

ldempotentlaws: AEA=A ACA=A
Commutative laws : AEB=BEA,ACB=BCA
Associativelaws: AE (BEC)=(AEB)E C,
ACBCC)=(ACB)CC
Distributive laws : AE (BCC)=(AE B)C (AC C),
AC(BEC)=(ACB)E(ACC)
Identity laws : AEf=A AEU=U
ACU=AACT =f
Complement laws : AE A¢=U, AC A¢=f
(AQ¢=A, Ut=f, f¢= U
De Morgan’s laws : (AE B)¢=A¢C B¢
(A C B)¢= ACE B¢
Let usillustrate the application of the laws in the following examples :
Example 1 : Prove that AC (AE B) = A
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Solution : AC (AE B) =(AE f)C (AE B), using identity law
=AE (f C B), using distributive law
=AE (B C f), using commutative law
=AE f, using identity law
= A, again using identity law

Example 2 : Prove that AC (A¢E B)=AC B

Solution : AC (A¢E B) = (AC A9 E (A C B), using distributive law
=f E (A C B), using complement law
= (AC B) E f, using commutative law

= A C B, using identity law

1.13

TOTAL NUMBER OF ELEMENTS IN UNION OF
SETS IN TERMS OF ELEMENTS IN INDIVIDUAL
SETS AND THEIR INTERSECTIONS

We shall now prove a theorem on the total number of elements in

the union of two sets in terms of the number of elements of the two individual

sets and the number of elements in their intersection. Its application in

solving some practical problems concerning everyday life will be shown in

the illustrative examples.

Theorem : If Aand B are any two finite sets,
then |A E B| = |A| + |B| - |A C B|
[The symbol |S| represents total number of elements in a set S]
Proof : Let|A]=n, |B|]=m, |JAC B|=k
Then from the Venn diagram,
weget|]A—Bl=n-k,[B-Al=m-Kk
We know that AE B=(A-B)E (ACB)E (B-A)
Where A— B, AC B, B — A are mutually disjoint.
Hence |JAE B|=|A—B|+|AC B| + |B - A|
=(n-k)+k+ (m-k)
=n+m-Kk
=|Al+[B[-|ACB|

24
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Deduction :
JAEBE C|=|A|+B|+|C|-|ACB|-BCC|-|ACC|+|ACBCC|
Proof : AEBE C|=|(AE B)E C|
=|AEB|+|C|-|(AEB)CC|
=|Al+|BI-IACB|+|C|-|(ACC)E (BCC)|
=|Al+ B[ +|C|-|AC B|-
IACC|+IBCC|-|(ACC)C(BC O
=|A[+[Bl+|C|-|ACB[-|IBCC|-]ACC|+
IACBCC]|
Corollaries :
i) If Aand B are disjoint, thenAC B=f and so |[AC B| =0.
Hence |A E B| = |A] + |B],
which is known as the Sum Rule of Counting.
i) If A, B and C are mutually disjoint, then as above
IAE BE C|=|A|+|B|+]C|.

lllustrative Examples :

1. In a class of 80 students, everybody can speak either English or
Assamese or both. If 39 can speak English, 62 can speak
Assamese, how many can speak both the languages?

Solution : Let A, B be the sets of students speaking English and
Assamese respectively.

Then |A E B| =80, |A| = 39, |B| = 62.

We are to find |A C B].

Now |A E B| = |A| + |B| - |A C B]

So, |ACB|=]A|+|B|-|AE B|=39+62-80=21.

Hence, 21 students can speak both the languages.

2. Among 60 students in a class, 28 got class | in SEM | and 31 got
class | in SEM II. If 20 students did not get class | in either
SEMESTERS, how many students got class | in both the
SEMESTERS?

Solution : Let A and B be the sets of students who got class | in
SEM | and SEM Il respectively.
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So, |A| = 28, |B| = 31.
20 students did not get class | in either SEMESTERS out of 60
students in the class.

Hence |A E B| =60 — 20 = 40

But |A E B| = |A| + |B| - |A C B]

i.e., 40=28+31-|ACB| So,|JACB|=19

Therefore, 19 students did not get class | is both the SEMESTERS.
3. Outof 200 students, 70 play cricket, 60 play football, 25 play hockey,

30 play both cricket and football, 22 play both cricket and hockey,

17 play both football and hockey and 12 play all the three games.

How many students do not play any one of the three games?

Solution : Let C, F, H be the sets of students playing cricket, football

and hockey respectively. Then

IC| = 70, |F| = 60, |H| = 25,

ICCF|=30,[CCH| =22, [FCH|=17,|CCFCH|=12.

So, |CE FE H =|C|+|F|+H| - |CCF|-|CCH|-|FCH|+

ICCFCH|
=70+60+25-30-22-17+12 =98

Thus 98 students play atleast one of the three games.

Hence, number of students not playing any one of the three games

=200 -98 =102.

EXERCISES

1. Write ‘true’ or ‘false’ with proper justification :
i) the set of even prime numbers is an empty set
i) {x:x+2 =5, x<0}is an empty set
i) {3}1 {1, 2,3}
iv) xT {{x, y}}
v) {a b} {a b, {c}
vi) ifAbe any set,thenf | Al U
2. Which of the following sets are equal?
A ={x:x2+x-2=0}

2626
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B ={x:x2-3x+2=0}
C ={x:x1 2z |x=1}
D ={21}

E ={1,2}

F ={x:x2-1=0}

3. Find the sets which are finite and which are infinite :
i) the set of natural numbers which are multiple of 7
ii) the set of all districts of Assam
iii) the set of real numbers between 0 and 1
iv) the set of lions in the world.

4. fUu={0,1,2,3,4,5,6,7,8,9,A={0, 2, 3,6}, B={1, 2, 6, 8},
C={3,7,8,9} then find A¢ B¢ C¢ (AE B)C C, (AE BY E C¢
(ACB)C C¢ (A—C)E B¢ (B-A)C C.

5. fAEB=BandA C B =B, then what is the relation between A
and B?

6. Verify the following identities with numerical examples :

i) A-—B=B¢t-A¢

i) (A-B)E(B-A)=(AEB)-(ACB)
i) A-BCC)=(A-B)E(A-C)
iv) A-(BEC)=(A-B)C (A-C).

7. Write down the power set of the set A= {{f}, a, {b, c}}.

8. GivenA={{a, b}, {c}, {d, e, f}}, how many elements are there in
P(A)?

9. Using numerical examples, show that
) (ACB)E (A-B)=A
i) AEB=AE (B-A)

i) AEB=BE (A-B)
iv) B—Al A¢
v) B—A¢=BCA.

10. Using Venn diagrams show that
) AEBI AECbutBi C
i) ACBI ACCbutBi C
i) AEB=AE CbhutB? C.
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11.

12.

13.

14.

15.

Give numerical examples for the results given in 10.

Show that(A-B)-C=(A-C)-(B-C).

Out of 100 persons, 45 drink tea and 35 drink coffee. If 10
persons drink both, how many drink neither tea nor coffee?
Using sets, find the total number of integers from 1 to 300 which
are not divisible by 3, 5 and 7.

90 students in a class appeared in tests for Physics, Chemistry
and Mathematics. If 55 passed in Physics, 45 passed in
Chemistry, 60 passed in Mathematics, 40 both in Physics and
Chemistry, 30 both in Chemistry and Mathematics, 35 both in
Physicsand Mathematics and 20 passed in all the three subjects,

then find the number of students failing in all the three subjects.

T

: Jg 1.14 LET US SUM UP

-

Asetis a collection of well-defined and distinct objects. The objects
are called members or elements of the set.

Sets are represented by capital letters and elements by small letters.
If 'a’ is an element of set A, we write a1 A, otherwise al A.

Sets are represented by (i) Roster or Tabular method and (ii) Rule
or Set-builder method.

A set having no element is called empty set or null set or void set,
denoted by f.

A set having a finite number of elements is called a finite set,
otherwise it is called an infinite set.

Two sets Aand B are equal, i.e. A= B if and only if every element of
Ais an element of B and also every element of B is an element of
A, otherwise Al B.

Ais a subset of B, denoted by A B if every element of Ais an
element of B and Ais a proper subset of Bif Al BandAt B. In
this case, we write Al B.

A=Bifandonlyif Al BandBi A.

28
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I The set of all the subsets 8 a set A is called the power set of A,
denoted by P(A) or 2~ If |A| = n, then [P(A)| = 2".

I Venn diagrams are plane geometrical diagrams used for
representing relationships between sets.

I The union of two sets Aand B is AE B which consists of all elements
which are eitherin Aor Borinboth. AEB={x:x1 Aorx1 B}

I The intersection of two sets A and B is A C B which consists of all
the elements common to both A and B.

I For any two sets A and B, the difference set, A — B consists of all
elements which are in A, but notin B.A-B ={x:x1 Aand x| B}

I The Universal set U is that set which contains all the sets under
any particular discussion as its subsets.

I The complement of a set A, denoted by A° or At¢is that set which
consists of all those elements in U which are not in A.
At={x:x1 UandxT A}=U-A

1 Following are the Laws of Algebra of Sets :
AEA=AACA=A
AEB=BEAACB=BCA
AE(BEC)=(AEB)EC,AC(BCC)=(ACB)CC
AE(BCC)=(AEB)C(AEC),AC(BEC)=(ACB)E (ACC)
AEf=AAEU=UACU=AACT =f
AE AC=U,ACAC=f, (AQ¢=A, U¢=f, f¢e=U
(AE B)¢=A¢C B¢ (A C B)¢= ACE B¢

I |JAEB|=|Al+|B|-|ACB]
JAEBEC|=|A|+[B|+|C|-|ACB|-|ACC|-BCC|+|ACBCC|

‘I 1.15 ANSWERS TO CHECK YOUR
PROGRESS

Ans.to Q.No.1: i) A= {Monday, Tuesday, Wednessday, Thursday,
Friday, Saturday, Sunday}
i) B={January, February, March, April, May, June, July, August,

September, October, November, December}
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AnNs.

Ans.
Ans.

Ans.

AnNs.

AnNs.

AnNs.
AnNs.

AnNs.

AnNs.

AnNs.

to Q.

to Q.
to Q.
to Q.

to Q.

to Q.

to Q.
to Q.
to Q.

to Q.

to Q.

i) C={1,w, w?}

iv) D={1, 2, 4, 5, 10, 20, 25, 50, 100}

v) E={A B,E, G L, R}

No.2: i) A={x:xisamonth of the year having 31 days}

i) B={x:x=n2-1,n1 N}

i) C={x:x=5n,n1 Z}

iv) D ={x:xis a letter of the English Alphabet}

No. 3 : i) True, ii) False, iii) True, iv) True, v) False, vi) True.

No. 4 : i) f, ii)f, iii) finite, iv) infinite, v) infinite, vi) f.

No.5: i)B={2,3}=A

i)y A={W, O, L, F}, B={F L,O, W}andso,A=B

i) At B;sincebl AbutbT B.

No.6: i) True

i) False, since {a}1 {{a}, b}

i) {x:(x=1)(x=2)=0}={1, 2}, {x: (x>-3x+2)(x-3) =0} =41, 2, 3}
Hence {x : (x-1)(x-2) =01 {x : (x*-3x+2)(x-3) = 0} and
so, the given result is false.

No.7: i) P(A)={f, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1, 4},

{2,3}, {2, 4}, {3, 4},
{1,2, 311, 2, 4}, {1, 3, 4}, {2, 3, 4}, A}

i) P(B) ={f, {1}, {{2, 3}}, B}

No.8: LetA={1,2},B={0,1,2,3},C={0,1,2,3,4,5,7}

No.9: i)f, ii){f}, iii) {f}}, iv) {f}

No.10: i) AC B={a, b, c, d, e}; ii) {C}; iii)A-B ={a, b},

iv) B—A={d, e}; v)At={d, e, f}
No.11: A={3,6,9,12, 15,18, 21, ...},

B={1,2,3,..,18, 19, 20},

Hence AC B ={3, 6, 9, 12, 15, 18}

andB-A={1,2,4,5,7,8,10,11, 13, 14, 16, 17, 19}
No.12: AEB={x:1<x<12,x1 R}

ACB={:xI R,BEXET}

A-B={x:x] R, 1<x<3}

B-A={x:x1 R, 7<x<12}
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Ans.t0 Q. No.13: Take U={p,q,r, s, t,u,v,w, X, Y, z}
A={p,q,u,Vv,x,y}
B={q,v,y,z}and C={p, s, t, v, X, y}

i) A-B={p,u,x}, A¢={r, s, t,w, z}, B¢={p, r,s,t, u,x}
B¢—Ac¢={p, u, x} and hence, A—- B =B¢-A¢

i) B—A={z}andso, (A-B)E B-A)={p,u,x, z}
Again,AEB={p,q,u,v,x,y,zyandAC B ={q, Vv, y}
So,(AEB)-(ACB)={p,u,x, 2z}

Thus, (A-B)E (B—A)=(AE B)- (ACB)

i) A—C={qg,u}andso, A-B)E (A-C)={p,q,u,x}
BCC={v,ylandso,A-(BCC)={p,q, u, x}
ThusA— (BC C)=(A-B)E (A-C).

Ans.to Q.No.14: i) xT B—A b xI BandxT A b xT UandxT A
P x1 A¢
Where x is an arbitrary element of (B —A). Hence B—Al A¢
i) xI B=A¢U xT Bandx1 A¢
UxT BandxT A U xT BCA
Hence B—A¢i BCAandBCAI B-A¢
Thus,B-A¢t=BCA
i) Al AEBbP Al f,asAEB=f ... Q)
Alsof i A . 2)
From (1) & (2), we get A=f. Similarly, B =f.

1.16 FURTHER READINGS

1. KhannaV. K., Zameeruddin Qazi & Bhambri S.K.(1995). Business
Mathematics, New Delhi, Vikas Publishing House Pvt Ltd. .
2. Hazarika P.L. Business Mathematics, New Delhi. S.Chand & Co.
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? 1.17 MODEL QUESTIONS

Q.1. Give examplesof i) five null sets
ii) five finite sets
i) five infinite sets

Q.2. Write down the following sets in rule method :

11 1 1 (
m&ﬂﬁaﬁﬁ
iy C=1{2,5,10, 17, 26, 37, 50}
Q.3. Write down the following sets in roster method
) A={x:xT N,2<x<10}
i) B={x:xT N,4+x <15}
i) C={x:x1 Z,-5£x£5}
Q4. IfA={1,3}, B={1,3,5,9}, C={2, 4,6, 8 and
D ={1, 3, 5, 7, 9} then fill up the dots by the symbol i orl :
)A...B, i)A..C, ii)jC..D, iv)B...D
Q.5. Write true or false :
) 41 {1,2,1{3,4},5}, (i)f ={f}
i) A={2, 3}is aproper subset of B = {x : (x-1)(x-2)(x-3) = 0}
iv) Ai B,Bi Cp Al C
Q6. If U={x:x1 N}, A={x:xT N,xiseven}, B={x:x1 N,x<10}
C={x:x1 N, xis divisible by 3}, then find
)AE B, ii)AC C, iii) BC C, iv)A¢ (v) B¢ vi) Cé
Q.7. IfAE B=B andBE C = C, then show thatAi C.
Q8. fUu={5-4-3,-2,-1,0,1, 2,3,4,5},
A={5-2,1,2, 4}
B={-2,-3,0,2, 4,5}
C={1,0,2 3,45}
then find i) AE B,i))AC C, ii)AC (BE C),iv) BC C¢
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Q.9.

Q.10.

Q.11.

Q.12.

Q.13.

Q.14.

v) ACE (B C C¢), vi) A— C¢ vii) A— (B E C)§ viii) (B E C9,

ix) ACE C¢ x) (CCE B) —A.

Prove the following :

i) IfA, B, C are three sets such that Al B,

thenAECI BEC,ACCI BCC.

i) Al Bifandonlyif B¢ A¢

i) Al BifandonlyifAC B=A.
iv) fACB=f,thenAl B¢

How many elements are there in P(A) if A has

i) 5 elements, ii) 2" elements?

Every resident in Guwahati can speak Assamese or English or
both. If 80% can speak Assamese and 30% can speak both the
language, what percent of residents can speak English?

76% of the students of a college drink tea and 63% drink coffee.
Show that a minimum of 39% and a minimum of 63% drink both
tea and coffee.

In a survey of 100 students it is found that 40 read Readers’
Digest, 32 read India Today, 26 read the Outlook, 10 read both
Readers’ Digest and India Today, 6 read India Today and the
Outlook, 7 read Readers’ Digest and the Outlook and 5 read all
the three. How many read none of the magazines?

In an examination 60% students passed in Mathematics, 50%
passed in Physics, 40% passed in Computer Science, 20%
passed in both Mathematics and Physics, 40% passed in both
Physics and Computer Science, 30% passed in both Mathematics
and Computer Science and 10% passed in all the three subjects.

What percent failed in all the three subjects?

kkkkkkk*k
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UNIT

21
2.2
2.3

2.4
25
2.6

2.7
2.8
29

STRUCTURE

Learning objectives
Introduction

Concept of Relation

231 Identity Relation
2.3.2 Inverse Relation
Types of Relation
Equivalence Relations
Concept of Function
26.1 Identity Function
2.6.2 Constant Function
Types of Function

Let us Sum Up

Answers to Check Your Progress

2.10 Further Readings

2.11 Possible Questions

2.1 LEARNING OBJECTIVES

After going through this unit, you will be able to know:
the concept of a relation

different types of relation

equivalence relation, equivalence class

the concept of a function

different types of function.

2.2

INTRODUCTION

Set theory may be called the language of modern mathematics. We

know that a set is a well-defined collection of objects. Also we know the

notion of subset of a set. If every element of a set B isin setA, thenB is a

subset of A. Symbolically we denote itby Bi A.
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Also we note that if Ais a finite set having n elements, the number of
subsets of Ais 2".

Againif A, B are two non-empty sets, the cartesian product of Aand
B is denoted by Ax B and is defined by A" B ={(a,b):al Abl B}
(a, b) is called an ordered pair.
Letal A, cl A; bl B, dl B.
\ (a, b)l AXB, (c,d)l AxB
We know that (a, b) = (c, d)U a=c, b=d.
Also we know that if A, B are finite and n(A)=x, n(B)=Yy, then

n(AxB) = n(BxA)=xy
[Here n(A) denotes the number of elements of A]

If one of the sets A and B is infinite, then A x B and B x A are infinite.

In this unit we will study relations and functions which are subsets of
cartesian product of two sets.

We will denote the set of natural numbers by ‘N’, the set of integers
by Z, the set of rational numbers by Q, the set of real numbers by IR, the set

of complex numbers by C.

2.3 CONCEPT OF RELATION

Let us consider the following sentences.
(1) 11 is greater then 10.
(2) 35is divisible by 7.
(3) New Delhi is the capital of India.
In each of the sentences there is a relation between two ‘objects’.
Now let us see what is meant by relation in set theory.
Definition Let Aand B be two non-empty sets. Asubset R of Ax B is said to
be a relation from Ato B.
If A=B, then any subset of Ax Ais said to be a relation on A.
IfR! AxB,and(a,b)l R;al A, bl B,itisalso written as aRb and is
read as ‘ais Rrelated to b’.
Note 1. The set of the first components of the ordered pairs of R is called
the domain and the set of the second components of the ordered pairs of R

is called the range of R.

Business Mathematics (Block 1)

35



Unit 2

Relations and Functions

2. If A, B are finite sets and n(A)=x, n(B)=y; then n(AxB)=xy. So, the number
of subsets of AxB is 2.
Therefore, the number of relations from Ato B is 2%.
Example 1: LetA={1, 2, 3},
B={8, 9}
\ AxB={(1,8),(1,9),(2,8),(2,9), (3, 8), (3, 9)}
Let R ={(1, 8), (2, 9), (3, 9)}
Clearly Rl AxB
\ Ris arelation from A to B.
Here 1R8, 2R9, 3R9
Domain of R ={1, 2, 3}
Range of R = {8, 9}
Example 2 : Let IR be the set of real numbers.
LetR={(x,y): X, ¥y I IR, x<y} I IRXIR
\ Ris arelation of IR.
03<5,\ (3,5) Ri.e. 3R5
19<27,\ (19, 27)! Ri.e. 19R27
But5>3,\ (5,3) R,ie.5R3.
Example 3: Let X be the set of odd integers.
LetR={(x,y):x,y! Xand x+y is odd}
We know that the sum of two odd integers is an even integer.
\ ifx, y are odd, then x+y cannot be odd.
\ R=fI XxX
In this case R is called a null relation on X.
Example 4: Let E be the set of even integers.
LetR={(x,y):x,y | Eand x+yis even}
We know that the sum of the even integers is an even integer.
\ ifx, yare even, then x+y is always even.
\ R=ExE! ExE

In this case R is called a universal relation on E.

36
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2.3.1 Identity Relation

Let Abe a non-empty set.

l,={(a,a):al A} AxA

|, is called the identity relation on A.
Example 5: LetA={1, 2, 3, 4}

Thenl, ={(1, 1), (2,2), (3,3), (4, 4)}! AxA.

Clearly |, is the identity relation on A.

2.3.2 Inverse Relation

Let A, B be two non-empty sets. Let R be a relation from Ato B, i.e.
R 1 AxB. Theinverse relation of R is denoted by R, and is defined
by R*={(b,a): (a, b)l R} I BxA
Clearly, domain of R** =range of R

range of R1= domain of R
Example 6: LetA={1, 2, 3}

B = {5, 6}

R={(1,5),(2,6),(3,5)}! AxB
Rt ={(5, 1), (6, 2), (5,3)}| BxA.

4

CHECK YOUR PROGRESS 1
—J Q 1: LetA, B be two finite sets, and n(A)=4,

N\

Z N\
< ~

n(B)=3. How many relations are there from
AtoB?
Q 2: Let A be a finite set such that n(A) =5.
Write down the number of relations on A.
Q 3: Let IN be the set of natural numbers.
LetR={(x,y): x, yl IN, x>y}.
Examine if the following ordered pairs belong to R.
(7, 4), (23, 32), (5, 5), (72, 27), (18, 19).
Q 4: Let E be the set of even integers.
LetR={(X,y):x,yl Eandx+yis odd}

Is R a null relation on E ? Justify your answer.
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Q5: LetA={1, 2,3, 4,5}

Write down the identity relation on A.
Q6: LetA={4,5, 6}, B={7, 8, 9}

LetR={(4, 7), (5, 8), (6, 7), (6, 8), (6, 9)}

Write down R

2.4 TYPES OF RELATION

LetAbe a non-empty set, and R be arelationonA,i.e. R AxA.
1. R is called reflexive if (a, a)l R, i.e; aRa, forall al A.
2. R is called symmetric if whenever (a, b)l R, then (b, a)l R, i.e, if
whenever aRb, then bRa; a, bl A.
3. R is called anti-symmetric if (a, b)I R, (b, a)]l RP a=Db,i.e., if aRb,
bRa b a=b; a, bl A.
4. R is called transitive if whenever (a, b), (b, ¢)I R, then (a, ¢)l R, i.e., if
whenever aRb, bRc, then aRc; a, b, cl A.
Example 7: LetA={1, 2, 3}
R=(1,1),(2,2),(1,2),(2,1)}
Examine if R is reflexive, symmetric,anti-symmetric, transitive.
Solution: Here (1, 1)I R, (2, 2)I R; but (3, 3)I R.
\ Ris not reflexive.
Again, (a,b)! RP (b,a)I R
\ R is symmetric.
Again, (1,2) | R,(2,1)! R,but1!2
\ R is not anti-symmetric.
Again, if (a, b)l R, (b,c)! R, then(a,c)l R
\ Ris transitive.
Example 8: Let Z be the set of integers,and R={(x, y) : X,y | Z, x£y}
Examine if R is reflexive, symmetric, anti-symmetric and transitive.
Solution : We have aga, " al Z
ie,(@a,a)l R,"al z
\ Ris reflexive.

Again,ifa £ b,b£a
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ie;(a,b)l RF (b,a)lI R

\ R is not symmetric.

Again,agb,bgap a=b
ie.(a,b)l R, (b,a)l Rp a=b
\ R is anti-symmetric.

Againag b,bfcp agc

ie. (@, b),(b,c),l Rp (@, c)IR
\ Ris transitive.

Example 9: Give an example of a relation which is transitive, but neither
reflexive nor symmetric.

Solution : LetA={1, 2}
LetR={(1,1), (1,2)}! AxA
Clearly Ris a relation on A.

Here (2, 2)I R.

\ Ris not reflexive.

Again (1,2) | R,but(2,1)I R

\ R is not symmetric.

But R is transitive.

/V
2 N\ /
¢~ £ CHECK YOUR PROGRESS 2
Q1l: LetA={1, 2, 3) and R be areflexive relation
on A having minimum number of ordered pairs.
Write down R.

Q 2: Define a relation on the set
A={1, 2,3, 4}which is
(i) symmetric, but neither reflexive nor transitive;
(ii) reflexive and transitive, but not symmetric;

(iii) reflexive and symmetric, but not transitive.
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2.5 EQUIVALENCE RELATION

Let Abe a non-empty set. Arelation R on Ais called an equivalence
relation if it is reflexive, symmetric and transitive.
Example 10: Let Z be the set of integers and
R={(x,y):x,y! Zand x+y is even}
Examine if R is an equivalence relation on Z.
Solution : Letx | Z
\ x+xiseven
P (XX R," xlI Z
\ Ris reflexive.
(x,y)I RP x+yiseven
p y+xiseven
P (v,X)I R.
\ R is symmetric.
IR (,2)IR
p X+yis even, y+zis even
p (X+y)+(y+z) is even
p (xtz)+2y is even
p x+ziseven
x,2)I R
\ Ris transitive
\ Ris an equivalence relation on Z.
Example 11: Let Abe the set of all straight lines in a plane.
LetR={(x,y):x,y | Aandx "y}
Examine if R is reflexive, symmetric and transitive.
Solution : Aline cannot be perperdicular to itself, i.e. x ¥ x
\ (x,x)I R
\ Ris not reflexive
If aline x is perpendicular to another line y, then y is perpendicular to x, i.e.
XNy p yrX
\' Xy)I RP (v,X)I R

\ R is symmetric.
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fx~y ynrz thenx ¥ z

\ }Y), (2! RE(KX2) IR

If x is perpendicular to y, y is perpendicular to z, then x is parallel to z.
\ Ris not transitive.

Example 12: Let A be the set of all straight lines in a plane.
LetR={(x,y):x,y | Aand x|ly}

Examine if R is an equivalence relation on A.

Solution : Aline is parallel to itself, i.e. x|[x " xI A

vV (X)) R xR

\ Ris reflexive.

X|ly pylx

V()1 RP (v, I R

\ R is symmetric.

Xlly, yllz P X||z

\ Xy),y2)l RP (x,2)1 R.

\ Ris transitive

Thus, R is an equivalence relation on A.

Example 13: Let IN be the set of natural numbers. Let a relation R be defined

on INxIN by (a, b) R (c, d) if and only if ad = bc
Show that R is an equivalence relation on IN x IN.
Solution : We have ab = ba

\ (a,b)R (a, b)

\ Ris reflexive

(a,b)R(c,d)P ad=bc;a,b,c,d, 1 IN

p cb=da

p (c,d)R (a, b)

\ R is symmetric

(a,b)R(c,d)and (c,d)R (e, f);a,b,c,d, e, f, 1 IN
p ad =bcandcf=de

p adcf = bcde

p af =be

p (a,b)R(e,f)

\ Ris transitive.
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Thus, R is an equivalence relation on IN x IN.

Example 14: (Congruence modulo n)

Let Z be the set of integers, and n be any fixed positive integer.
Leta, bl Z

a is said to be congruent to b modulo n if and only if a—b is divisible by n.
Symbolically, we write.

a v b (mod n)

Show that the relation ‘congruence modulo n’ is an equivalence relation on
Z.

Solution : We know that a—a is divisible by n, i.e., a ¥ a (mod n)

\ therelation is reflexive.

Leta v b (mod n)

p a-bis divisible by n.

p b-ais divisible by n.

p bva(modn)

\ the relation is symmetric.

Leta v b (mod n), b v c (mod n)

p a-bis divisible by n, b—c is divisible by n

p a—b+b—cisdivisible by n

p a—cis divisible by n

p avc(modn)

\ the relation is transitive.

Thus, the relation ‘congruence modulo n’ is an equivalence relation on Z.
We know that 15-3 is divisible by 4.

\ 15is congruentto 3 modulo4i.e.
15 v 3 (mod 4)
15-3is not divisible by 7

\ 15is not congruent to 3 modulo 7

i.e.15 93 (mod 7)

Example 15: Let Z be the set of integers.
LetR={(a,b):a,bl Z ab3 0}
Examine if R is an equivalence relation on Z.

Solution : We haveaa 3 0
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\ @al R"al Z
\ Risreflexive
Let(a,b)I R

\ ab30

p ba30

p (b,a)l R

\ R is symmetric.
We have

(-=2)x0 =0, 0x 2=0
\ -2,0),0,2)I R
But (-2) x 2 =-4<0
\ 2,2)IR

\ Ris not transitive.

Thus, R is not an equivalence relation.

Theorem 1: The inverse of an equivalence relation is also an equivalence

relation.

Proof. Let Abe a non-empty set. Let R be an equivalence relation on A

Ris reflexive.

\ x,x)1 R, »xI A

p (X,x)I R "xlI A

\ Rtlisreflexive.

Let (x, y)I R

This b (y, X)I R [by def" of R]
p (x,y) ! R[\ Rissymmetric]
p (y,X)I Rt

\ R!is symmetric.

Let (x,y), (y, 2)I R?

b (v, X), (z,y)! R [by defr of RY]
P (zy), (X! R

b (z,X)! R[\ Ris transitive]

p (x,2)1 R?

\ R1is transitive

Thus, R1is an equivalence relation.
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Theorem 2: The intersection of two equivalence relations is also an

equivalence relation.

Proof. Let Abe a non-empty set.

LetR and S be two equivalence relations on A.

R and S are reflexive

\ x,x)1 Rand(x,x)1 S, xI A

p (X,X)I RCS," xI A

\ RCSis reflexive.

Let (x,y)] RCS

Thisp (x,y)! Rand (x,y)l S

p (y,x)! Rand(y,x)] S[\ R,S are symmetric]

p (y,x)I RCS

\ RCS is symmetric.

Let(x,y) I RCS,(y,z)I RCS

p (x,y)I Rand (x,y)I S,(y,z)! Rand(y,2)I S

P (x,2)! Rand(x,2)1 S [\ R, S are transitive]

p (x,z)1 RCS

\ RCSis transitive.

Thus, RCSis an equivalence relation.

Remarks : The union of two equivalence relations is not necessarily an

equivalence relation.

Let us consider A={1, 2, 3}

Now, R={(1,1),(2,2),(3,3),(1,3),(3,1)}
$={1,1),(22).(,3).,(1,2), (2 1)}

are two equivalence relations on A.

RES ={(1,1), (2, 2),(3,3),(1,3),(3,1),(1,2), (2, 1)}
(2,1)1 RES, (1, 3)] RES)

But(2,3)| RES

\' RESis not transitive

\ RES s not an equivalence relation.
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2.5.1 Equivalence Class

Let us consider the set Z of integers

LetR={(a,b):a,bl Z, a-bisdivisible by 3}

i.,e.R={(a, b):a, bl Z,avb(mod3)}

Clearly R is reflexive, symmetric and transitive.

\ Risan equivalence relation on Z.

Let [0] denote the set of integers congruent to 0 modulo 3. Then
[0]={....,—9,-6,-3,0,3,6,9, ...}

Let [1] denote the set of integers congruent to 1 modulo 3. Then
[1]={..,-8,-5,-2,1,4,7,10, ..}

Let [2] denote the set of integers congruent to 2 modulo 3. Then
[21={...-7,-4,-1,2,5,8,11, ...}

We see that

Each of [0], [1], [2] is called an equivalence class. [0] is the
equivalence class of 0, [1] is the equivalence class of 1, [2] is the
equivalence class of 2.

We see that there are 3 distinct equivalence classes, viz,
[0]. [1], [2].

Also we note that

[OJU1] U[2]=2

[01C[=f [1]C[2]=F [2]C[0]=f

The set {[0], [1], [2]} is called a patrtition of Z.

[0] 21 |2

[1]

Definition : Let Abe a non-empty set and R be a relation on A.

Forany al A, the equivalence class [a] of a is defined by
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If A, B are two non-
empty sets, then
either ACB*f or
ACB-=f

[a]={xI A:xRa}

i.e. the equivalence class [a] of ais the collection of all those elements
of Awhich are related to a under the relation R.

Note: [a]t f , Q aRa

Definition : Let Abe a non-empty set.

The set P of non-empty subsets of Ais called a partition of A if
(i) Ais the union of all members of P,

(ii) any two distinct members of P are disjoint.

Theorem 3 : Let A be a non-empty set and R be an equivalence
relation of A. Leta, bl A. Then [a] =[b]if and only if (a, b) I R.
Proof. Let[a] =[b]

O Risreflexive,\ aRa

\ al [a]

pall]  [Qfal=[b]]

p aRb

p (a,b)l R

Conversely : Let(a,b) I R. \ aRb

Letx! [al. \ xRa

Now, xRa and aRb

\ xXRb [OR is transitive]

p xlI [b]

Thus,x 1 [a] p xI [b]

\ [a] I [b] . (1)

Again, letyl [b] \ YRb

Now, yRb and bRa [O R is symmetric, aRb P bRa]
\ YRa [OR is transitive]

Pyl [a]

Thus, yl [b] p ylI [a]

\ [b]! [a] . (2)

From (1) and (2), [a] =[b]

Theorem 4 : Two equivalence classes are either equal or disjoint.
Proof. Let Abe a non-empty set. Let R be an equivalence relation

OnA.
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Leta, bl A.

Then [a], [b] are either not disjoint or disjoint.
Let [a], [b] be not disjoint,

i.e.[a] C[b]* f.

Letx | [a] C[b]

p xI [a] and xI [b]

p XxRa and xRb

p aRxand xRb [O R is symmetric, xRa p aRXx]
p aRb [ O R is transitive]
Letyl [a]

b yRa

Now yRa and aRb

\ YRb [O R is transitive]
pyl [b]

Thus, yl [a] p Yl [b]

\ [a]! [b]

Similarly, [b] ! [a]

\ [a] = [b]

So, if [a], [b] are not disjoint, they are equal.

\ [a], [b] are either equal or disjoint.

Z N\
< ~

Qa3:

Q4.

CHECK YOUR PROGRESS 3

Q 1: What s the name of the relation on a set .

N\

which is reflexive, symmetric and transitive?
Q 2: Isthe relation “<” on the set of narural
nimbers IN an equivalence relation? Justify your answer.
Let Z be the set of integers.
LetR={(a,b):a,bl Z, a-bisdivisible by 5}
Examine if R is an equivalence relation on Z ?
Let Abe the set of all triangles in a plane.
LetR={(X,y):x,y | A, xis similarto y}

Examine if R is an equivalence relation on A.
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Q 5: let Z be the set of integers.
LetR={(x,y):x,y | Z, x~yis even}

Is R an equivalence relation on Z ?

Justify your answer.

2.6 CONCEPT OF FUNCTION

Let Aand B be two non-empty sets, and f I A xB such that
My ! f," xI Aand anyyl B
i,y fand (x,y)l fP y=y.

In this case f is said to be a function (or a mapping) from the setAto
the set B. Symbolically we writeitasf: A® B.

Here Ais called the domain and B is called the codomain of f.
Example 16 : LetA={1, 2}, B={7, 8, 9}

f={1,8),2, 7))} AxB.

Here, each element of A appears as the first component exactly in one of
the ordered pairs of f.
\ fis a function fromAto B.
Example 17 : LetA={1, 2}, B={7, 8, 9}
g={1,7),(1,9}! AxB
Here, two distinct ordered pairs have the same first component.
\ fis not a function from Ato B.
Example 18: LetA={1, 2, 3, 4}, B={x, Y, z, w}
Are the following relations from Ato B be functions?
() f, ={1, ), (1, w), (2, x), (2, 2), (4, W)}
(i) f,={1,y). (2, 2), 3, ), (4, W)}
Solution : (i) No. Here two distinct ordered pairs (1, x), (1, w) have the
same first component.
(ii) Yes.
Here, each element of A appears as the first component exactly in one of
the ordered pairs of f,.

Thus we see that.

Every function is a relation, but every relation is not a function.
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We observe that if A and B are two non- A f B
empty sets and if each element of A is associated
with a unique element of B, then the rule by which -

this association is made, is called a function from
the set Ato the set B. The rules are denoted by f, g
etc. The sets A, B may be the same.

Let f be a function fromAto B i.e.
f: A® B. The unique elementy of B that is associated with x of Ais called
the image of x under f. Symbolically we write it as f = f(x). x is called the pre-
image of y. The set of all the images under f is called the range of f.
Example 19 : Let IN be the set of natural members, and Z be the set of
integerand f:IN® Z, f(x) =(-1); x| IN
Clearly, domain of f = IN

codomainoff=27
Now f(1) = (-1)* = -1, f(2) = (-1)2 =1, f(3) = (-1)*= -1 and so on.
\ range of f={-1, 1}

2.6.1 Identity Function

LetAbe anon-emptysetandi:A® A, i(x)=x," xI A
i is called the identity function.
Note : In case of identity function, domain and codomain are the

same.

2.6.2 Constant Function

LetA, B be two non-empty setsand f: A® B be a function such that
fx)=k, " xI A
f is called a constant function.

Note : The range of a constant function is a singleton set.

2.7 TYPES OF FUNCTION

Let A, B be two non-empty sets and f : A® B be a function.

1. If there is at least one element in B which is not the image of any
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elementin A, then fis called an “into” function.

2. If each elementin B is the image of at least one element in A, then fis
called an “onto” function (or a surjective function or a surjective).

Note : In case of an onto function, range of f=codomain of f.

3. If different elements in A have different images in B, then fis called a
one-one function (or an injective function or an injection).

4.  Iftwo (or more) different elements in A have the same image in B, then
fis called a many-one function.

5. A function is said to be bijective if it is one-one (injective) and onto
(surjective).

Note : Identity function is a bijective function.

How to prove that f is one-one?

Letx,, x,,I A

If f(x) =f(x,) P x, =X, then fis one-one.

or,

ifx, * x,pf(x)* f(x,), thenfis one-one.

How to prove that f is onto?

Lety | B (codomain)

Lety =f(x)

We find x in terms of y

If x I A, then fis onto; otherwise not.

Example 20: Let IN be the set of natural numbers,

Letf:IN® IN, f(x) = 3x+7

Examine if f is a bjective function.

Solution : Letx,, x, | IN (domain)

Now f(x,) = f(x,)

P 3x,+7=3x,+7

P X =X,

\ fisone-one (injection).

Letyl IN (codomain)

Lety =f(x)

b y=3x+7
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fy=1 x—u— 2I'N
y=LXx="3"=
\ fis notonto

\ fisnot a bijection.

Example 21: Let X be the set of real numbers excluding 1. Show that the

functionf: X® X, f(x)=—1 is one-one and onto.

Solution: Let x, x,I X(domain)
Let f(x,) = f(x,)

X+1
X_

X, +1_x,+1
X;-1 x,-1

b

(x +D)+ (X, -1) _ (X, +1) +(x,- 1) .
(x, +1)- (x,- 1) - x,-1- (x,-1) (by componendo and dividendo)

b ﬁ:_zxz
2 2
P X =X,

\ fis one-one.
Lety | X (codomain)
Lety =f(x)

_x*1

x-1

P y(x-1)=x+1
b yx-y=x+1
p yXx—Xx=y+1
P x(y-1)=y+1

y+1 :
P x=—
y-1 I X (domain)

\ fisonto.

Example 22: LetA={1, 2, 3,}. Write down all the bijective function from Ato
itself.

Solution :

itA® A,i(1)=1,i(2)=2,i(3)=3

f:A® A, f(1)=1,f(2)=3,f(3)=2

f,:A® A f(1)=2,1,2)=1,1,3)=3
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f,:A® A (1)=3,1,(2)=2,1,3)=1
f,:A® Af(1)=2,1,2)=3,103)=1
f.:A® A f(1)=3,f(2)=1,1(3)=2
Note. There are 6 =3! bijective functions from A= {1, 2, 3} to itself.

If Ahas n elements, there are n! bijective functions from A to itself.
Theorem 5: Let Abe afinite set, and f : A® Abe onto. Then fis one-one.
Proof. Let A be a finite set having n elements.

LetA={a,a,, ..., a), where ai’ s are distinct.

Letf: A® Abe onto.
Now, range of f
={f(a), f(a,), ..., f(a )}
\ fis onto, range of f = codomain of f = A.
\ A={f(a), f(a,), ..coorrvrnns ,f@)}
\ Ahas n elements,
\ f(@), f(@,), oo , f(a,) are distinct.
Thus, distinct elements in A (domain) have distinct images in A (codomain).
\ fis one-one.
Note : The result does not hold good if Ais an infinite set.
Let IN be the set of natural numbers.
Letf:IN® IN,f(x) =1,ifx=1andx=2,
=x-1,ifx33
Clearly, f is onto, but not one-one.
Theorem 6 : Let A be afinite set, and f:A® Abe one-one. Then f is onto.
Proof : Let Abe afinite set having n elements.
LetA={a,a, ..., a}, where a’s is are distinct.
Letf: A® Abe one-one.
\ f(ay, f(a,), ...., f(a,) are n distinct elements of A (codomain).
Letul A(codomain).
Letu=f(a),1L£i£n
\ there exists al A (domain) such that f(a) = u.
\ fisonto.
Note : The result does not hold good if Ais an infinite set.

Let IN be the set of natural numbers.
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Letf: IN® IN, f(x) = 5x

Clearly, f is one-one, but not onto.

CHECK YOUR PROGRESS 4
Q 1: Let IN be the set of natural numbers.
Let f:IN® IN, f(x) = x+1

Examine if fis (i) one-one, (ii) onto.

N\

Z N\
< ~

Q 2: Let IR be the set of real numbers and
f:IR® IR be defined by

11, if x>0
fx)=1{ 0, if x=0
-1, if x<o0

Examine if f is (i) one-one, (ii) onto
Q 3: Letf: IR® IR be defined by f(x) =|x|

Examine if f is (i) one-one, (i) onto

1 xif x3 00

[FOO=IXI=2 x i x <Ol
Q 4: IfA={1, 2}, write down all the bijective functions from Ato itself.
Q 5: Write down the condition such that a constant function is onto.
Q 6: Write down the condition such that a constant function is one-

one.

: J@ 2.8 LET US SUM UP
TN
R

1 If A, B are two non-empty sets, a subset of A x B in said to be a relation
from Ato B.

| If A, B are two finite sets and n(A) = x, n(B) =y, the number of relations
from Ato B is 2¥.

| If Ais a non-empty set, |, ={(a, a) : al A}is called the identity relation

OnA.
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If A, B are two non-empty and R is a relation from Ato B, the inverse
relation R is defined by

R1={(b, a): (a, b)l R}, which is a relation from B to A.

Arelation R on a non-empty set Ais called.

() reflexive if (a,a) | R,forallal A;

(i) symmetric if whenever (a,b) I R, (b,a) | R;

(i) anti-symmetric if (a, b) | R, (b,a) | RP a=b;

(iv) transitive if whenever (a, b), (b, ¢)l R, then (a, c)l R.

Arelation R on a non-empty setAis called an equivalence relation if it
is reflexive, symmetric and transitive.

The inverse of an equivalence relation is also an equivalence relation.
The intersection of two equivalence relations is also an equivalence
relation.

If Risarelation on anon-empty setA, thenforanyal A;the equivalence
class [a] of a is the collection of all those elements of A which are
related to a under the relation R.

Two equivalence classes are either equal or disjoint.

If Aand B are two non-empty sets and if each element of Ais associated
with a unique element of B, then the rule by which this association is
made, is called a function from Ato B.

Every function is a relation, but every relation is not a function.

If different elements in domain have different images in codomain,
then the function is one-one (injective).

If each element in codomain is the image of at least one element in
domain then the function is onto (surjective).

A function is bijective if it is injective and surjective.

If Ais a finite set and f : A® Ais onto, then f is one-one.

If Ais a finite set and f : A® Ais one-one, then fis onto.
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Af 2.9 ANSWERS TO CHECK YOUR
PROGRESS

CHECK YOUR PROGRESS -1
Ans to Q No 1: 22

Ans to Q No 2: 2?°

Ansto QNo 3: (7, 4), (72, 27) belong to R.

Ans to Q No 4: Yes. The sum of two even integers cannot be odd.
Ansto QNo 5: I, ={(1, 1), (2, 2), (3, 3), (4, 4), (5, 5)}

Ansto Q No 6: R'={(7,4), (8,5), (7, 6), (8, 6), (9, 6)}
CHECK YOUR PROGRESS - 2

Ansto QNo 1: R={(1, 1), (2, 2), (3, 3)}

CHECK YOUR PROGRESS - 3

Ans to Q No 1: Equivalence relation.

Ans to Q No 2: No. Not reflexive and symmetric.
Ans to Q No 3: Equivalence relation.
Ans to Q No 4: Equivalence relation.

Ans to Q No 5: Yes.
CHECK YOUR PROGRESS -4

Ans to Q No 1: One-one, but not onto.

Ans to Q No 2: Neither one-one nor onto.

Ans to Q No 3: Neither one-one nor onto

AnstoQNo4: i:A®BAi(1)=1,i(2)=2
f-A®A f(1)=2,f2)=1

Ans to Q No 5: Codomain is a singleton set.

Ans to Q No 6: Domain is a singleton set.

2.10 FURTHER READINGS

1) Lanski, Charles : Concepts in Abstract Algebra, (First Indian edition,

2010) American Mathematical Society.
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2)

3)

4)

5)

Q1

Q2

Qa3:

Q4.

Q5:

Vasistha, A. R. : Modern Algebra (Abstract algebra), Krishna Prakashan
Media (p) Ltd. Meerut-250001 (U. P).

Vinberg, E. B. : Acourse in Algebra (First Indian edition, 2009), American
Mathematical Society).

Vatsa, B. S. and Vatsa, Suchi: Modern Algebra, New Age International
(p) Ltd., New Delhi-110002.

Sen, M. K, Ghosh, Shamik and Mukhopadhyay, Parthasarthi : Topics
in Abstract Algebra, Universities Press (India) Pvt. Ltd., Hyderabad,
500029.

Y& |2.11 MODEL QUESTION

LetA={1, 2, 3}, B={3, 4, 5}.

How many relations are there from Ato B ? Write down any four relations
from Ato B.

LetA={3, 4,5}, B={5, 6, 7}

Which of the following relations are functions from Ato B ? If it is a
function, determine whether it is one-one and whether it is onto ?

1) {@3.5), (4.5), (5, 7)}

(i) {(3. 7), (4, 5), (5, 6)}

(iii) {(3, 6). (4, 6), (5, 6)}

(iv) {(3, 6), (4, 7), (5, 5)}

Let Q be the set of rational numbers and f : Q® Q be a function defined
f(x) = 4x+5. Examine if f is bijective

Let Abe the set of all triangles in a plane.

LetR={(x,y):x,y | Aandxis congruentto y}

Examine if R is an equivalence relation on A.

Let IN be the set of natural numbers. Arelation R is defined on IN x IN
by (a, b), R (c, d) if and only if a+d = b+c.

Show that R is an equivalence relation on IN x IN.
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Q6: LetA={1,2,3}
R={1,1),(2 2), 3 3),(1,2),(23)}

Show that R is reflexive but neither symmetric nor transitive.

Q 7: Let Cbe the set of complex numbers and IR be the set of real numbers.
Letf:C® IR, f(z)=|z|,z1 C.
Examine if f is (1) one-one, (ii) onto.
Q 8: LetA, B be two non-empty sets.
Let f:AxB® BxA, f(a,b)=(b,a);(a,b)!l AxB
Show that f is bijective.
Q9: Letf:INXIN, f(a, b)=324° (a,b) 1 INXIN
Examine if f is (i) one-one, (ii) onto.
Q10: Letf:ZxZ® Z f(a,b)=ab,(a,b)l ZxZ

Examine if f is (i) injective, (ii) surjective.

*kkk kkkkk k%%
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UNIT 3: MATHEMATICS OF FINANCE

UNIT STRUCTURE

3.1 Learning Objectives
3.2 Introduction
3.3 Simple Interest
331 Formulae for Calculation of Simple Interest, Amount
and Principal
34 Formulae for Calculation of Interest and Period
35 Compound Interest
351 Formulae for Calculation of Compound Interest (C.1.),
Amount and Principal
3.5.2 Present Value
3.6 Depreciations
3.7 Annuity
3.7.1 Types of Annuity
3.7.2 Amounts of Ordinary Annuity and Annuity Due
3.7.3 Present Values of Ordinary Annuity and Annuity Due
3.8 Let Us Sum Up
3.9 Further Readings
3.10 Answers To Check Your Progress
3.11 Model Questions

3.1 LEARNING OBJECTIVES

After going through this unit you will be able to:

I explain simple interest, amount and principal value.

I show simple interest and amount at the end of a given period of
time.

I explain compound interest, amount and principal value.

I show compound interest and amount at the end of a given period of
time when the interest is compounded yearly or half-yearly or

quarterly.
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I discuss about depreciation and scrap value of assets.

1 explain annuity, types of annuity, to find amounts of ordinary annuity
and annuity due.

I show present value of ordinary annuity and present value of annuity

due.

3.2 INTRODUCTION

A man takes loan from another man or financial institution, whenever
he is in need of money. The man (or the institute) who lends money charges
extra money to be paid by the debtor. Therefore the debtor (who takes the
loan) is to pay some extra money in addition to the money borrowed to clear
his debt. The extra money to be paid for the loan is called interest. The
borrowed money is called the principal and the time for which the loan is
taken is called the period of loan or simply the period. The principal together
with the interest on it is called the amount.

For calculation of interest on the principal, how much interest on
Rs.100/=for one year is to be paid is fixed. This is called the rate of interest.
It is always expressed as percent per annum. If the interest of Rs.8/=is to
be paid on Rs.100/=for one year, then the rate of interestis 8% p. a. (p. a.
means per annum). Thus if a man borrows Rs.500/= for 3 years at interest
8.25% p. a., then principal is equal to Rs.500/=, period is equal to 3 years

and interest on Rs.100/= for one year is equal to Rs.8.25/=.

3.3 SIMPLE INTEREST

If the interest is charged only on the borrowed money (principal)
throughout the period of loan, then the interest is called simple interest.

Thus the simple interest is same for every year for the period of the loan.

3.3.1 Formulae for Calculation of Simple Interest, Amount
and Principal

Formulafor simple interest: Let Rs.P denote the principal, n denote

the period of the loan (in years). Let the rate of interest be r% p. a.
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Now, interest on Rs.100/= for 1 year = Rs.r

r
Hence, interest on Rs.1/=for 1 year = Rs. ———

100
Pr
b Interest on Rs.P for 1 year =Rs. 100
P n'r
p Interest on Rs.P for n year =Rs. TO
If I (in rupees) denotes the interest, then
I=E;El- ............. (3.1)
100

Thus if P, r, n are known, | can be found out using the formula (4.1).

Formulafor amount: If A (in rupees) denotes the amount, then

A=P+1 ... (3.2)
Also,
A=P+]
b Acpsr N T
100
’ n .

r 0
b A=PE+_ 9 1 (33
gi 100 g (33)

Thus using (4.3), Acan be found out directly if P, r, n are known.

Formulae for principal: We know that

| = P r'n
100
This implies, P" r" n=1"100p P= | ,1OOLL(4.4)
r'n

P§+L29:ADP:——Q—¢444Q
Also, we have € 100 g + rn
100
Thus, if I, r, n are known, we use (4.4) and if A, r, n are known, we

use (4.5) to find P.
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ﬁ LET US KNOW
) y 1) Unless, mentioned otherwise, interest means

simple interest.

2) The period of loan must be expressed in years if it is in months
or days. In this respect we have
1 month = 1/12 year
lday =1/365year, etc.

3) When the period of loan has two terminal dates (thatis, the date
on which the loan is taken and the date on which the loan is
repaid), then to calculate the number of days, one of the two
terminal dates is excluded. For example, if a loan is taken on
April 3, 2008 and it is repaid on July 17, 2008, we calculate the

number of days for which interest is to be paid, as follows:

Month No. of days.

April 27 (30-3)

May 31

June 30

July 17

Total number of days: 105

Hence, the period of the loan in years (n) = @ = é
361 73

Note: From April 3, 2008 to July 17, 2008, number of days is
equal to 106. Excluding the first terminal date April 3, we got

105 days as shown above.

Example 1: Find the interest and amount due on Rs.800/= for 5 years at
9.5% interest per annum.
Solution: Here P = Rs.800/-, n =5 years, r=9.5

H interest | = R 800" 9575 Rs. 380/

ence, Interest 1 = Rs. ——~ = RS. -
! 100

Also, A =Rs.800/= + Rs.380/-

= Rs.1180/-.
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Example 2: A man borrows Rs.12,000/= for 2 years 3 months at 12.5%

simple interest per annum. How much money he is to pay to clear his debt?

3_9
Solution: Given, P = Rs.12,000/=, r=12.5, n=2+ E _Z years.
A=Pcl+——
Using ? 100 , we get (in rupees)
+112.58
A=12000" F+ 0 125 96_ 15 000" 011250
"4y e 400 g

=12,000" % =15375
400

Hence the required amount to be paid is equal to Rs.15,375/-.
Example 3: Aman lent one part of Rs.15,000/=to a man at 5% p.a. and the
other part at 6% p.a. interest to another man and he received Rs.17,460/=
as total amount after 3 years. What sum was lent to each man?
Solution: Let the sum of money lent at 5% p.a. interest be Rs.x. Therefore
the sum of money lent at 6% p.a. is Rs.(15,000 — x).
Also, in 3 years total interest received = Rs.(17,460 — 15,000)

= Rs.2460/=
Now, interest on Rs.x = Rs. X 53 =Rs. —and interest on
' 100 100
Rs.(15,000 — X) = Rs. (A5000- x)” 6” 3: RSlS' (15,000 - x).
100 100
15x 18" (15000- X

Hence, 70 " : 100 )= 2460

P 15x+ 270000 - 18x = 246000

P -3x = - 24000

b x =8000

This implies that the money lent to the first man = Rs.8,000/= and
the money lent to the second man = Rs.(15,000 — 8,000) = Rs.7,000/=.
Exercise 4.4: What sum of money will amount to Rs.34,125/= at 6.25%

interest per annum in 3 years and 6 months?

6 7
Solution: Given,A=Rs.34,125/=, r=6.25, n= 35 =7 years.
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® s 0T
A 34125 34125
= = (o ! += ! -
Now, - n S e 7. 0044375 -
1+ —— §1+ PR §7+
100 100" 2 & 200 &

_R S8@4125' 2009: RS.§412500, 2009: Rs(140° 200)
e 24375 g e 24375 17
= Rs.28,000/ =
Hence the principal amount of the loan is Rs.28,000/=.
Exercise 4.5: A sum of money amounts to Rs.1092/= in 5 years and
Rs.1243.20 in 8 years. Find the sum.
Solution: Here, Rs.1243.20 = P + interest for 8 years
Rs.1092 =P +interest for 5 years.
On subtraction, we get
Rs.(1243.20 — 1092) = interest for 3 years.

Hence, interest for 3 years = Rs.151.20

a851.200
p Interestforlyear =Rs. ETB = Rs. 50.40

p Interestfor5 years = Rs. 252/=
Hence the principal = Rs.(1092 — 252) = Rs. 840/=.

3.4 FORMULAE FOR CALCULATION OF INTEREST
AND PERIOD

P r'n
Formulato find rate of interest: We know that | = 100 - This implies

that P* r" n=100" | .

Hence, I = :LOO—I LL (3.6

P n

Also, | = A- P-
Thus, if P, I, n or A, P, n are known, we can find the rate of interest.
Exercise 4.6: At what rate of interest a sum of money becomes triple itself
in 20 years?
Solution: Let the principal be P. Given that n = 20 years and A = 3P.
This implies that | = 3P — P = 2P.
Now, from the formula (4.6) we find that
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r:I ,100:2P, 100210.
P n P” 20

Hence the rate of interest is equal to 10% per annum.

s s

n
Formula to find period: We know that | = . This implies that

100
P r " n=100" 1.
1007 |
Hence, N =—— LL (37
Also, |=A-P.

Thus, if P, I, ror A, P, r are known, we can find the period of the loan.
Exercise 4.7: In what time a sum of Rs.12,600/= willamountto Rs.15,976.80
at 8.04% interest per annum?
Solution: Giventhat P =Rs.12,600/=

A=Rs.15,976.80

r=28.04
Also, I=Rs.(15,976.80-12,600) = Rs.3,376.80

From the formula (4.7) we get,

100" | _337680"100 10 _,1
P r 12600° 804 3 337%™

This implies that period is equal to 3 years and 4 months.

d CHECK YOUR PROGRESS
Q 1: State whether the following statements are
True (T) or False (F):

(i) The interest is counted on the principal.(T / F)

NN\

,

(i) If i is the interest on Rs.1/=for 1 year,then | =P" " n,
where |, P, n have the usual meaning. (T/F)
(iii) The interest on Rs.450/= for 1 month at 12% p.a. simple
interest is Rs.5.40. (T /F)
(iv) A man borrowed Rs.1000/= on July 13, 2008 and repaid along
with the interest on it on December 6, 2008. Then the number

of days for which interest was counted is 147. (T /F)

(v) Theinterest on a given sum of money becomes one forth of
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itin 2 years if the rate of interest is 12.5% per annum. (T / F)
Q 2: Fill up the blanks:
(i) The interest on Rs.1250 for 2 years 6 months at the rate of
interest 6.25% p.a.iS ....cooeoieiiiiiiii s
(i) A man borrows Rs.750 for 2 years 1 month at 12% interest
per annum. The amount he is required to pay to clear his
debtis ..........

(iii) The rate of interest for which the interest of a certain sum of

money will be % th of the sumin5yearsis......cccccccc........

(iv) A sum of money amounts to Rs.670 in 4 years and the same
sum amount to Rs.755 in 6 years. The sum of money and

the rate of interestare..........ccccceeveeen.. AN .o

respectively.

3.5 COMPOUND INTEREST

We have already learnt how to calculate simple interest on the
principal for the period of loan at a given rate of interest per annum. The
simple interest on the principal is same for every year. The financial
institutions like Banks, Life Insurance Corporation etc charge interest other
than the simple interest. This type of interest is known as compound interest.
In this case, interest on the principal for first year (or first six months or first
3 months) of the period of the loan is added to the principal for the second
year (or second six months or second 3 months) of the period. This process
is continued for the period of the loan. The difference between the original
principal and the amount at the end of the period of loan is called the
compound interest. It is to be noted that
(1) Ifinterestis compounded half yearly (that is, six monthly), then interest
on the principal for the first six months is added to the principal and
the sum is taken as principal for the next six months and the process
is continued for the period of the loan.

(2) Similarly, if interest is compounded quarterly (that is, after every 3

months), then interest on the principal for the first 3 months is added
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to the principal and the sum is taken as principal for the next 3 months

and the process is continued for the period of the loan.

3.5.1 Formulae for Calculation of Compound Interest (C.
l.), Amount and Principal

Yearly calculation:

Let rate of compound interest be r % per annum.

r
\ Intereston Re 1for 1 year= RSE If the principal is Rs. P, then

P r
interest on Rs. P for 1 year is equal to RSTOO The amount at the

P ro
- - RsZP+__9=Rsp’ +——LL 3.8
end of the first year g 100 3’1 100 & (3.8)

2

, ro
i i nd = RS. P +—= i
Hence, the principal for the 2™ year gi 100 The interest

1. ro riu
RsP’ g[ — nd - RsiP §+__
on g OO for the 2" year % & 1004 100%

Hence, amount at the end of 2" year
, ro 1, ro ru
=RsP’ ¢cI+—=+RsjP T
? 100 ? 1005 100}

rog
_RS'P §+100g & 1004

=RsP’ +——LL39
E'i 02 LG9

Similarly amount at the end of 3 year = RSP’ §+1_OO_ LL (310

Thus we conclude that if Rs. Ais the amount at the end of nth year,
then we get,

A=P’ 8’1+_- L L (3.11)

OR A=P  (1+i)" LL(312)

where iis the interest on Re 1 for 1 year = Rs.” 100
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Again, compound interestC.l. =A—-P

+__ -
e 100g

Hence,

C.1.=P’ I8’1+__ ; 1Z|_|_(3 13)

OR C.I.=P° {(1+|) i } LL (3.14)

where iis the interest on Re 1 for 1 year = Rs. %OO

Half-yearly calculation: Interest on Re 1 for six months =

and number of six months in n years is equal to 2n. From formula

(4.11) we get

e /0
A=P 91+/27 L L (3.15
¢ 100%

..2n

OrR A=P &+12 L1 (316)
e 2g

where | = RS‘%OO

Also,
:% VOZn
C.l.=p" |&+/27 -1y LL (3.17)
Ig 100~
le 2 b
_deie" @
OR C.I.=P" j&+-2 -1y LL(3.18)
e 2g K

where | = RS‘%OO

Quarterly calculation: Interest on Re 1 for three months =

O
Rs‘?

9100 ~and number of 3 months in n years is equal to 4n. From
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formula (4.11) we get

2 V 8"
A=P Y+74% | L(3.19)
¢ 100%

An

orR A=P &+'9 (320
e 4g

where | = RS‘%OO

Also,

I s
C.l.=P" | 10;
te g b
_o le i B
OR C.I.=P" [&+.2 - LL (3.22)
e 4o K

where | = RS‘%OO

Exercise 4.8: Find the amount and compound interest on Rs.5000

for 3 years at 10% p.a.

. .10
Solution: Here P = Rs.5000, n =3 years, r=10, | = m =0.1

Now,
A=P  (1+i)"=5000" (1+0.1)°
=5000" (1.1)°* =5000" 1.331

= 6655
Hence the required amount is Rs.6,655/- and the compound interest

is equal to Rs.6655 — Rs.5000 = Rs.1,655/-.
Exercise 4.9: Find the compound interest on Rs.25,000/- at 6%

p.a. for 1 year 6 months, interest being compounded half-yearly.

1 3
Solution: Here P = Rs.25,000, N =1§ years = E years
No. of half —2n—2'§—3 i—£—006
o. of half-years = 5 , 100 .

Now,
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0060

A=P’ §'i+'_9 = 25000° §1+

e 2¢ 2
=25000" (1.03)° = Rs.27318.28 (approx))

which is the required amount. Hence the compounded interest is

equal to Rs.27318.28 — Rs.25000 = Rs.2,318.28.

Exercise 4.10: A man deposited Rs.20,000/- in a Bank at 8% p.a.
compound interest. If the interest is compounded quarterly, what
sum of money he will get from the Bank at the end of one year?

o .8
Solution: Given P = Rs.20,000, n=1year, | =75 = 0.08
No. of quarters=4n=4"1=4

The sum of money the person will get from the Bank is equal to

a=p &+ = 20000 o 0.08¢'
e 4o o
=20000" (1.02)* = 20000 1.0824 = Rs.21,648 (approx)
Exercise 4.11: The difference between the compound interest and
simple interest on a sum of money for 3 years at 6% p.a. is Rs.545.80.
Find the sum of money.
Solution: Let the sum of money be Rs.P.
Now, i = b 0.06, n=3. Hence
’ 100 ’
A (atcompoundinterest)= P~ (1+i)" =P’ (1.06)°> = P" 1.190916
\ C.1.=P" 1.190916- P =P" 0.190916

3- P 0.18

Also, simple interest (S. I.) = 100

Itis given that C. l. — S. |. =545.80. This implies that
P” 0.190916- P" 0.18 =545.80
P P’ 0.01096 = 545.80
_ 54580
© 0.010916
Hence the required sum of money = Rs.50,000/-.

= 50000
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Exercise 4.12: A sum of money amounts to Rs.26,620 in 3 years
and amounts to Rs.32,210.20 in 5 years at compound interest. Find
the sum of money and the rate of interest.

Solution: Let the sum of money be Rs. P and the rate of compound

interest be r % p.a. Itis given that
P” (1+i)® =26,620 L(D
P” (1+i)°®=3221020 L(2
Dividing (2) by (1), we get

Lri)e = 3220020 o
26620
b 1+4i=11P i=01b —— =01 b r=10

100
Hence the rate of interest = 10% p.a.
Puttingi=0.1in (1), we get

. 2662? _ 26620 _ 0000
1.1)° 1331

Hence the required sum of money = Rs.20,000/-.

Exercise 4.13: At what rate percent of compound interest a given
sum of money will be double itself in 15 years?

Solution: Letthe principal be Rs. P and the rate of compound interest
ber% p.a. Itis giventhat A= Rs2P, n=15.

Now,
P” @+i)®* =2PPb (1+i)® =2b 15log(1+i) =log2
P log(1+i) = 0.3010 =0.0201 (approx)
P 1+i = antilog(0.0201) =1.047
(= i = 0.047 (approx)

Hence required rate of interest = (approx).

3.5.2 Present Value

If a sum of money is invested for a period of time at compound

interest, then the amount to be obtained is called the future value
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and the sum of money invested is called the present value.
Thus if the sum of money invested at r% p.a. compounded

interest is Rs. P and Rs. A is its future value, then we get

: r
A=P  (1+i)", where | =Rs —

100
\ P= A _= AT (@+i) "
@+i)
. .-2n

, e}
If interest is compounded half yearly, then P = A §+ §+
e 7]
. ,.-4n

, e}

If interest is compounded quarterly, then P = A §+ Z+

e 7]

Exercise 4.14: Find the principal value to be invested at p.a. so
that after 5 years the amount will be Rs.12,000 if the interest is

compounded half yearly.

8

Solution: Here A=Rs.12,000, i= 100 =0.08, n=5 Let the

presentvalue be Rs. P. Since the interest is compounded half-yearly,

therefore
i .- 2N
P=A &+ 59 =12000" (1+0.04) % =12000" (L.04)%
e 9

\  logP =10g12000- 10l0g1.04 = 4.0792- 10" 0.0170
=4.0792- 0.170 = 3.9092
P P =antilog3.9092 = 8114

Hence the present value = Rs.8114/-.

3.6

DEPRECIATIONS

The value of asset like buildings, machines etc go on decreasing

year after year since their life time goes on diminishing. The value of the

depreciable asset at the end of its useful life time is called the scrap value.

The total depreciation of the asset is equal to the difference between the

original value and the scrap value.

If rate of depreciation is r% p.a. on the initial value of Rs. P, then the
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depreciated value Ain Rupees at the end of years is given by
..N
A=P & L9 OrR A=P (1-i)", wherei =Rs-
e 100g 100
Exercise 4.15: Amachine costing Rs.1,00,000/- depreciates at 10% p.a. If
the useful life of the machine is 10 years, find the scrap value.

Solution: Here P =Rs.100000, n=10, i —% =0.1

Now,

A=P’ (1- i)" =100000" (1- 0.1)* =100000" (0.9)"
P log A=10og100000+10" log(0.9) =5+10" 1.9452

=5-10" (-1+0.9452) =5- 0.548 = 4.452

P A=antilog4.452 = 28310
Hence the scrap value = Rs.28,310/-
Exercise 4.16: The scrap value of a machine costing Rs.10000 at the end
of 10 years is equal to Rs.2785. Find the rate of depreciation.
Solution: Here P = Rs. 10000, n = 10, A = Rs. 2785. Let the rate of

depreciation be r% p.a.

Now,
r .10 r .10
A=p &- L2 p 2785=10000" &- 2
e 100g & 100g
b & T8 _ 2785 (e
& 100y 10000
b 10" logdl- - 2=1090.2785 = - 0.55517
e 100g
b og%’i- ——_-0055517 1.944483 = 1.9445

1- = antilog(1.9445) = 0.88b r =12
100

Hence the required rate of depreciation = 12% per annum.
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A

/ CHECK YOUR PROGRESS

Q 3: State whether the following statements are
True (T) or False (F):

(i) The simple interest and the compound interest on Rs. P at

Z N\
< ~

r% p.a. for 1 year are equal. (T /F)
(i) The difference between the compound interest and the simple
interest on Rs.1000 for 2 years at 10% p.a. interest is Rs.10.
(T/F)
(iii) The sum of Rs.100 at 20% p.a. interest will amount to
Rs.110.05 at the end of six months if interest is compounded
quarterly. (T/F)
(iv) If the interest is compounded half yearly, the compound
interest on Rs.1000 for 1 year 6 months at 10% p.a. is Rs.331.
(T/F)
Q4: Fillupthe blanks:
(i) The compound interest on Rs.20000 for 3 years at 4% p.a.
compound interestisequal to .........coeeevieiiieiiiiiiiiiiiiiiieeeeeeee,
(ii) If the interest is compounded half-yearly, the amount on
Rs.25000 for 2 years 6 months at 10% p.a. compound

interestisequalio ...

3.7 ANNUITY

An annuity is a fixed sum of money paid periodically under some
conditions. The period of payment may be one year, six months, three
months, one month, etc. Interest (simple or compound) is to be paid on
each payment at the end of each period of payment. The sum of all the
payments together with the interest on them is called the amount of annuity.
For example, let us suppose that a man deposits Rs.500 at the beginning of
each quarter in a Bank for 3 years which pays 8% interest compounded
quarterly. Then size of each paymentis equal to Rs.500/-, period of payment
is 3 months, term of payment is 3 years, and the quarterly rate of compound
interest is equal to % = 2%. The amount which will be paid by the Bank will

be the amount of annuity.
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3.7.1 Types of Annuity

(1) Annuity certain or Ordinary annuity: If the paymentis made
annually, then the annuity is called annuity certain or ordinary
annuity.

(2) Annuity due: If the payments are made at the beginning of
each payment period, the annuity is called annuity due.

(3) Deferred Annuity: If the annuity is such that it begins after a
lapse of certain number of years, is called Deferred annuity. If
the annuity is deferred for 5 years, then the first payment of the
annuity is to be paid after 5 years, that is, at the end of (5+1) =
6 years.

(4) Life Annuity: The life annuity is an annuity which is payable
for the life of a person.

(5) Perpetual Annuity: An annuity which is payable for ever is
called perpetual annuity or perpetuity.

Remark: If not stated otherwise specifically, the payment is taken to

be made annually.

3.7.2 Amounts of Ordinary Annuity and Annuity Due

(A) Formula for finding amount of Ordinary Annuity: At the end of

first year, the sum of Rs. P is due and the amount of this sum for the

remaining (n — 1) years at compound interestis equalto P~ (1+i)™*,

where iis the interest on Rupee 1 for one year. At the end of 2" year,

another sum of Rs. P is due and the amount on this sum for the

remaining (n—2) yearsisequalto P~ (1+i)™? and so on. If these

amounts are denoted by A, A,, L, A, respectively, then

A =P @+)™, A =P (@+i)"? L,

A =P @+)""Y =P @+i), A =P @@+)""=P.

Now A is the sum of all these amounts and hence

A=A +A +L+A =P 1+i)" +P" (1+i)"*+L+P" (1+i)+P
=P’ [1+@+i)+@+i)*+L+@Q+i)""]
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We see that the series in the bracket is a geometric series with first

terma=1and commonratior=1+1.

(r —1)0 ail+|) 10 P

\ A= Pg [(1+|) 1] 1L (329

iz; 1+i-1 iz;
(B) Formula for finding amount of Annuity Due: In case of Annuity
Due, payments are made at the beginning of each period of payment.
Let P be annuity, n be the number of years, rate of compound interest
be r% per annum. Let A,A,, L, A be the amounts of
corresponding payments and be the amount of annuity. Now the
payment paid at the beginning of first year earns compound interest
(C.1)fornyears.Hence A =P~ (1+i)", wherei isthe interest on
Re 1 for 1 year. Similarly, A, =P~ (1+i)"!, A, =P~ (1+i)?,

A, =P’ (1+i)
Hence
ASA+A LA,

=P (1+i)"+P" @+i)" +L+P" 1+i)*+P" (1+i)
=P (L+i)" [L+@+i)+@+i)* + L+ (@+i)™"]
@+n"- 1 P (1+
@+n)-1 i

Exercise 4.17: Aman deposited Rs.1500 in a Bank at the end of each year

=P" (1+i)’ DR [(1+i)”- 1] L (3.24)

for 10 years at 5% p.a. compounded interest. What amount will be deposited

to his account ?

. 5
Solution: Here P =1500, n=10, l=m=0-058ince the man

deposited the money at the end of each year, the type of annuity is ordinary.
Now,

P” |@+i)"-1| _1500" |1+0.05)" - 1]

i 0.05

Let x =(1.05)". Then, logx =10" log(1.05) =10" 0.02119 = 0.2119.
This implies that x = anti log(0.2119) =1.629.
From (1), we get A=30000" (1.629- 1) =18870
Hence the required amount of annuity = Rs.18,870/-, that is, at the end of 10

=30000" [(1.05)° - 1] L Q)
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years a sum of Rs.18,870/- will be deposited to his account.

Exercise 4.18: Aman deposited Rs.400 at the beginning of each year in a
Bank which pays 8% compounded interest per annum. Find the balance in
his account at the end of 12 years.

Solution: Here P =400, n=12, i =0.08. This problem is a problem of

annuity due. Therefore the amount of annuity A is given by

A= P’ (1 |)[(1+ iy - 1]: 400" (1+0.08) [(1.08)12 ) 1]

= 5400 [a082-1] L@
Let x = (1.08)2. Then, logx =12 log(1.08) =12" 0.033424 = 0.40108
This implies that x = anti log(0.4011) = 2.519 (approx).

From (1), we get A=5400" (2.519- 1) =8202.60. Hence the balance in
his account at the end of 12 years = Rs.8202.60.

CHECK YOUR PROGRESS
Q 5: State whether the following statements are
True (T) or False (F):

N\

(i) An annuity is a fixed sum of money payable at

the end or at the beginning of each period of

payment. (T /F)

(ii) There is no difference between ordinary annuity and annuity
due. (T/F)

(iii) In case of deferred annuity, the equal installments are not
paid from the beginning of the annuity. (T/F)

(iv) If the first installment of an annuity is paid at the end of 6th
year and the other installments are paid regularly, then the
annuity is deferred for 6 years. (T/F)

(v) In case of an annuity for n years, the annuity P is paid at the
end of every six months. If i denotes the interest on Re 1 for

six months, then the amount A is given by

A=i—P[(1+i)2”-l]. (T/F)
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Q 6: Fill up the blanks.
(i) The amount of annuity of Rs100 paid at the end of every year
for 10 years at 10% p.a. compound interest is -----------------
(i) The amount of annuity of Rs.600 paid at the beginning of

each year for 20 years at 12% compound interest per annum

3.7.3 Present values of Ordinary Annuity and Annuity Due

The sum of the present values of all the payments
(installments) of an annuity is called the present value of that annuity.
(A) Present values of Ordinary Annuity: Let P (in Rupees) be the
annuity, i the interest on Re 1 for 1 year, n the number of years and
V the present value of the ordinary annuity. At the end of first year, P

is due and the present value V., of P is given by

, - P
P=V,” (L+i), thatis, V; =P~ (1+i)" =14 Thus,ifV,...denote

the present values of the 2" installment, ..., then

V=P s LV, =P () =
(3+1) (3+1)

Now,

V=V, +V,+L+V, —i+ P P

+L+—
1+i  (L+i0)? @+i)"

P e(1+|)

sy arm= @+i)" § 1+i-1

C)C\

@+i)"
P
== h- a+i)"] L(3.25)

(B) Present value of Annuity Due: Let P (in Rupees) be the annuity,
i the interest on Re 1 for 1 year and n the number of years. Now the
amount P is paid at the beginning of the first year. Hence its present
value V, is equal to P. The second installment amounting is paid at
the beginning of the 2" year, that is, at the end of the 1% year. If V, is

, . P
its present value, then P =V, (1+i) P V, =14 Similarly, if
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V,, L,V ,,V, are the presentvalues of the 39, ..., (n—1)"and n"

_ V. = P _ P _ P
installments, then Vs —(1+i)2’ 1 Vo1 —(1+i)”'2’ n —(1+i)”'l'

Now, if V is the present value of the annuity due, then
V=V +V,+L+V_, +V,
P AL+ P + P

=P+
1+i @L+D)™*  @+i)™t
n-1 €(d+i)" - 10
W brar e ]_(1+|)”1 g 1+i-1 §
_ P @+i)

). -

10 b @riyr] La2e)
I
Exercise 4.19: A person took a loan of Rs.15,000/- on condition that he
would repay the loan at 10 equal installments at 4% compound interest. If
each installment is paid at the end of each year, find the installment.
Solution: Here V (present value in Rupees) = 15000, n = 10, i = 0.04.

Let P (in Rupees) be the value of each installment. Then
v=Lr asiye 15000=%' - .04 7]
I :

b P [1- 104 °|=600 L(1)
Let x =(1.04)"°. Then, logx =10" log(1.04) =10 0.01703 = 0.1703
This implies that x = anti log(0.1703) =1.480.

600 _ 600" 1.48 _

P= =
From (1), we get _ 48 -
(1), weg 1- ¥ s 1.48- 1

Therefore value of the each installment is equal to Rs.1850/-.

Exercise 4.20: Find the present value of the annuity of Rs.2000 payable at
the beginning six months for 12 years at 8% p.a. interest compounded half
yearly.

Solution: This is the case of annuity due. If V is the present value of the
annuity, then

=1850

P(l

V= 1) h- a+i)"] L@

Here P = 2000, i = half yearly intereston Re 1 = % =0.04
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n=2"12=24
2000" (1+0.04),
0.04

Let x = (1.04) *. Then,
logx =-24" log(1.04) = (- 24)" 0.017033 = - 0.408792
=1.591208 = 1.5912 (approx)
This implies that x = anti log(1.5912) = 0.3901
Hence, V =52000 [1- 0.3901] = 31714.80
Thus the required present value = Rs.31,714.80.

\ @b V= f- (1+0.04) %] =52000" [1- (1.04) ]

g 3.8 LET US SUM UP

T\

1. In this unit, we have learnt about two types of interest: simple and
compound interest. We have derived formulas (3.1 to 3.7) to find simple
interest, amount and principal value. In case of simple interest the
interest is charged only on the borrowed money (principal) throughout
the period of loan.

2. Incase of compound interest, interest on the principal for first year (or
first six months or first 3 months) of the period of the loan is added to
the principal for the second year (or second six months or second 3
months) of the period. This process is continued for the period of the
loan. We have derived formulas (3.8 to 3.22) to find compound interest,
amount and the principal for yearly, half yearly and quarterly calculations.

3.  We have also learnt about a very important concept which is
depreciation. The value of asset like buildings, machines etc go on
decreasing year after year since their life time goes on diminishing.
The value of the depreciable asset at the end of its useful life time is
called the scrap value. The total depreciation of the asset is equal to
the difference between the original value and the scrap value.

4.  Finally we have discussed another very important concept which is
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Annuity. An annuity is a fixed sum of money paid periodically under
some conditions. We have learnt about five types of Annuity, namely,
Ordinary Annuity, Annuity Due, Deferred Annuity, Life Annuity and
Perpetual Annuity. We have derived formulas (3.23 and 3.24) to find
amount of Ordinary Annuity and Annuity Due respectively. Using the
formulas 3.25 and 3.26, we can find the present value of Ordinary

Annuity and Annuity Due respectively.

3.9 FURTHER READINGS

1. Khanna V. K., Zameeruddin Qazi & Bhambri S.K.(1995). Business
Mathematics, New Delhi, Vikas Publishing House Pvt Ltd. .
2. Hazarika P.L. Business Mathematics, New Delhi. S.Chand & Co.

Af 3.10 ANSWERS TO CHECK YOUR
PROGRESS

AnstoQNo1l: ()T, ()T, (i)F (vVF (VT.

Ans to Q No 2: (i) Rs.468.75 (ii) Rs.937.50 (iii)) 8% p.a.
(iv) Rs.500, 8.5% p.a.

AnstoQNo 3: ()T, (i)T, (i)F (v)T

Ans to Q No 4: (i) Rs.2497.28 (i) Rs.6907

Ansto QNo5: (1) ()T, (ihF, ()T, (vF (VT

Ans to Q No 6: (i) Rs.1593.00 (i) Rs.18,396.20

¥& |3.11 MODEL QUESTIONS

1. A man borrowed Rs.12,800 at 8.5% per annum simple interest for 3
years 3 months. At the end of the period he repaid the money along

with the interest. Find how much money he paid.

80
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2.

10.

11.

A man borrowed Rs.15,000 for 9 months at 8% per annum simple
interest and another man borrowed some money at 12% per annum
simple interest for 1 year 8 months. If the two men paid the same
amount to clear their debts along with the interest, how much money
did the second man borrow?

If the difference between the compound interest and the simple interest
on a sum of money at 8% per annum interest for 2 years is Rs.200,
find the sum of money.

In what time Rs.1250 will amount to Rs.1625 at 8% per annum simple
interest? At what rate of simple interest the same sum of money will
amount to Rs.1718.75 in the same period?

Find the compound interest on Rs.96000 for 2 years 3 months at 5%
per annum interest being compounded annually.

What sum of money will amount to Rs.23060 in 3 years at 4.8% per
annum, interest being compounded half yearly.

The scrap value of a machine costing Rs.120000 depreciated at 5%
per annum is found to be Rs.36456. Find the usual life period of the
machine.

Find the amount of an annuity of Rs.450 payable at the end of each
year for 18 years at 4.5% compound interest per annum.

A man borrowed Rs.39260 and agreed to pay the amount along with
interest in equal 20 installments payable at the end of each year. If rate
of compound interest is 8% per annum, find the value of each
installment.

Find the principal value to be invested at p.a. so that after 5 years the
amount will be Rs.12,000 if the interest is compounded annually.
Find the present value of an annuity of Rs.1000 payable at the end of

each year for 15 years if the rate of compounded interest is 4% p.a.

*kkk kkkkk k%%

Business Mathematics (Block 1)

81
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UNIT STRUCTURE

4.1 Learning Objectives
4.2 Introduction
4.3 Quadratic Equation
43.1 Examples of Quadratic Equations
43.2 Solution or Root of Quadratic Equation
4.3.3 Methods of Solving Quadratic Equations
434 Nature of Roots of Quadratic Equations
4.4 Simultaneous Equation with two unknowns
441 Condition for Consistency
442 Method of Solutions of Simultaneous Equations
4.5 Let Us Sum Up
4.6 Further Reading
4.7 Answers To Check Your Progress

4.8 Model Questions

4.1 LEARNING OBJECTIVES

After going through this unit you will be able to:
solve quadratic equations by factorizing.
solve quadratic equations by completing the square.

solve quadratic equations by using the quadratic formula.

solve simultaneous linear equations in two unknowns.

4.2 INTRODUCTION

We are already familiar with linear polynomial and linear equation.
The general form of linear equation of first-degree equation is ax+by+c=0
where a, b, c are real numbers. Consider the following linear model that
describes the time necessary to load a van with parcels for distribution.
Time to load the van = (a x number of parcels) + b

where a represents the time per parcel and b is a constant value
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representing the time for ancillary parts of the job, for example, cleaning out
the van each time ready for the next load.

As an example, suppose we have 12 parcels to deliveranda=1
minute, b =5 minute. Inserting this figure in our equation, the time required
to load the vaniis: (1 x 12) + 5 =17 minutes.

But there are many problems that cannot be solved by linear
equations. The solutions of problems such as given below can be solved by
equations which are quadratic.

1. Thesum of a positive integer and its square is 20. What is the number?
2. The height of atriangle is less than the base by 2 cm and itsareais 12
cm2. Find the length of the base.

Similarly, there are situations where we have to deal with two
unknowns (or variables). Like linear equation in one unknown, we have linear
equations in two unknowns. If we consider two linear equations in two
unknowns at the same time, we have a system of simultaneous linear

equations.

4.3. QUADRATIC EQUATIONS

1
The algebraic expressionslike , x2 - 4,x? + X - 6. 4X+; +4etc. are

guadratic polynomials or second-degree polynomial in. The general form of
a quadratic polynomial is gx? + px + ¢, Where are real numbersand a1 0.
An equation in which the highest power of the variable (or unknown)

is two is called a quadratic equation. The equations like

1
x2-4=0,X2+X-6=0, 4X+; +4 =0 etc are called quadratic equations.

The general or standard form of a quadratic equation is:
ax’ +bx+c=0, a, b, carerealwithaz 0.
The only requirement here is that we have atermin x? inthe equation.
We guarantee that this term will be present in the equation by requiring
a1l 0. Note thatitis all right if b or c or both are zero.
If bis equal to zero, the quadratic equation is called pure quadratic

equation.
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If bis non zero, the quadratic equation is called mixed quadratic equation.

4.3.1 EXAMPLES OF QUADRATIC EQUATIONS:

(@) x2=0is a pure quadratic equation.
(b) x2-3x -28 = 0 is a mixed quadratic equation.
(c) (x-2)?2=x2+ 6is nota quadratic equation, since on simplification,

the equation reduces to 2x+1= 0 (which is linear).

4

CHECK YOUR PROGRESS

Q 1: State whether the following statements are

N\

Z N\
< ~

true (T) or false (F).

Xx+1_2
(@) S = " is not a quadratic equation. (T / F)
(b) (x+1)(x+4) =2x* +x+7is a pure quadratic equation. (T / F)

(c) (x- D(2x+1) = x(x+5)is a mixed quadratic equation. (T /F)

(d) (x+1)%=2x(x*+1) is not a quadratic equation. (T/F)

4.3.2 SOLUTION OR ROOT OF QUADRATIC EQUATION

The value of the variable for which both sides of the equation
are equal is a root of the equation. A quadratic equation has two
roots. Forexample x =1, x = 2 arethe roots of the quadratic equation
x*- 3x+2=0-

For x=1,1*-3 1+2=1- 3+2=0-

For x=2,2°-3 2+2=4-6+2=0-

But x=3 is not a root of the equation. Because
-3 3+2=9-9+2=210.

Then what are the methods of solving a quadratic equation? We

now discuss it.

4.3.3 METHODS OF SOLVING QUADRATIC EQUATIONS

A.  Pure quadratic equation can be expressed in the form x2=d (d

is a constant). Hence the roots are x=./d and x=-./d -
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B. Anmixed quadratic equation can be solved by
(i) the factorization method,
(i) completing the square,

(i)  Quadratic formula.

4.3.3 (A) SOLUTIONS OF PURE QUADRATIC EQUATIONS

Exercise 1: Solve
(@ x*=0
1.,
—x“-3=0
®)
() (x+2)(x- 2)=12.
Solutions:

(@ x*=0b x==0.

Here both the solutions are equal to O.
(b) %xz- 3=0b %xz =3p x*=6b x==+/6.

(© (x+2)(x- 2)=12b x*- 4=12b x*=16
b x=++16b x==4.

4.3.3 B (i) SOLUTION BY FACTORIZATION

In this section we will discuss the factorization method to

solve quadratic equations. To do this we will need the following fact.

If p and g are two real numbers such that pq =0 then

either p=0or g=0 or both p and q are equal to zero.

This fact is called the zero factor property or zero factor
principle. All the fact says is that if a product of two terms is zero
then at least one of the terms is equal to zero.

Remark: Notice that this fact will ONLY work if the product is equal
to zero. Consider the following product:
pq=6

In this case there is no reason to believe that either p or g

will be 6. We could have p = 2 and q = 3 for instance. So, do not

misuse this fact!
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To solve a quadratic equation by factorizing we first must move all
the terms over to left hand side of the equation. Doing this serves
two purposes. First, it puts the quadratics into a form such that the
left-hand side can be expressed as a product of two linear factors.
Secondly, and probably more importantly, in order to use the zero
factor property we MUST have a zero on one side of the equation. If
we don't have a zero on one side of the equation we won't be able to
use the zero factor property.
Let us take a look at a couple of examples.
Exercise 2: Solve by factorization method:
() x*-x=12
Solution: First get everything on the left hand side of the equation.
Then,

x*- x-12=0

b x*- 4x+3x-12=0

P Xx(x- 4)+3(x-4)=0

P (x-4)(x+3)=0.
Now at this point we have got a product of two terms that is equal to
zero. By zero factor property, we have
Either x- 4=0 or x+3=0.
Hence the roots of the given quadratic equation are 4 and-3.
(i) x*+40=-14x
Solution: As with the first one we first get everything on the left-
hand side of the equal sign and then express it as a product of two
factors.

x* +14x+40=0

P x*+4x+10x+40=0

P Xx(x+4)+10(x+4)=0

P (x+4)(x+10) =0.
Hence applying the zero factor property, the roots of the given
guadratic equation are —4 and —10.
(i) y*+12y+36=0

Solution: In this case we already have zero on one side and so we

86

Business Mathematics (Block 1)



Basic Algebraic Concepts Unit 4

don't need to do any manipulation to the equation. We just express
it as a product of two factors. Also, do not get excited about the fact
that we now have y's in the equation. We won't always be dealing
with x's so do not expect to see them always. Let us now factorize
the left hand-side of the equation:

y>+12y+36=0

P (y+6)>=0

P (y+6)(y+6)=0

In this case we've got a perfect square on the left-hand side.
We broke up the square to denote that we really do have an
application of the zero factor property. However, we usually don't do
that. We usually will go straight to the answer from the squared
part.
The solution to the equation in this case is,

y=-6
and it has come from the product of two same linear factors on the
left hand side. This is the case of having two equal roots.

5

x+1 1 2x- 4
Solution: After simplification, the given equation reduces to

(iv)

2x% - 9x - 5= 0. We can factorize the left-hand side of this equation
as (2x+1)(x- 5) =0. So, the two solutions to this equation are 5

1

d-=.
and - -

(V) 2x* - 11x* +12=0

Solution: The given equation is not a quadratic equation. Itis a fourth
degree equation or bi-quadratic equation. We can reduce it to a
quadratic equation by substituting y for x2. Thus the given equation
reduces to 2y’-11y+12=0 and factorizing, we get
(y- 4)(2y- 3) =0. Thisimplies eithery-4=0o0r2y-3=0. Thatis

x2 =4 or 2 x2 = 3 and hence the solutions are:

x=2,-2,\/§,-\/§
2 2
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4.3.3. B(ii) SOLUTION BY COMPLETING THE SQUARE

1. First method: Let the quadratic equation be:
ax’ +bx+c=0,at 0.
b ax® +bx = - ¢, [Transposing to the right hand side]
2, _ ¢ . .
P x°+ 3 X=- 3 [Dividing both sides by a, note that this is
possible since g1 Q.]
%b 02 _ %b 02 2

b C &b o
b x2+2 - x+&22 =22 _~ _eeb § _
2a elZag 8zag a,[Addlng 82ag to both sides]

.2 2
b $(+£9 _b ézlac
e Z2ag 4a
2
P x+ R =+ M, [Taking square root on both sides]
2a 2a
_ b vb*- 4ac
P x=-—%——
2a
b ox=- b++/b” - 4ac
2a

- b++/b%- 4ac and b- vb?- 4ac
2a 2a '

2. Second method: Let the quadratic equation be:

Hence the roots are:

ax’ +bx+c=0,a 0.

b ax®+bx=-c

P 4a(ax® +bx) = - 4ac, [Multiplying both sides by 4a]

b 4a’x® +4abx = - 4ac

P (2ax)? +2.2axb+b? =b? - 4ac, [Adding to both sides]
P (2ax+b)® =b” - 4ac
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b 2ax+b=+b?- 4ac
b 2ax=-b++/b?- 4ac
- b++/b%- 4ac

P x=
2a
- b++/b%- 4ac - b- v/b?- 4ac
Hence the roots are: > and > .
a a

Remark: The famous Hindu Mathematician Shridhar Acharjya gave
this method of completing square multiplying by 4a .
Exercise 3: Solve 7x? - 15x + 2 = 0 by the method of completing
square.
Solution: First method:
7x*-15x+2=0 b 7x*-15x=-2
15 2

b x*-—=x=-=
7 7

.2 ..
b x*- Z.Ex+aé—59 =- E+8é—59

b (X_E)Z:-Eﬂ%é_SQ
14 7 eldg
b (x- 18y 2 225 2
14 196 7
b (X- E)2:—225- 56:@
14 196 196
px- 22220 (ra ts on both sid
14 —14,[a|ngsquarerooson oth sides]
15,13
14 14
_15 13 _15 13
=—+—and X=—- —
14 14 14 14
L 2 1
This implies that X=— =2 and X :ﬂ :7

1
Hence the required roots of the given equation are: 2 and 7
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Second method:
7x?-15x+2=0
b 7x*-15x=-2
b 28(7x? - 15x) = 28(- 2) [Multiplying both sides by 4a = 28]
P (14x)% - 2”7 14x” 15+ (15)? = (15)? - 56
P (14x- 15)* =225- 56 =169 =13"
P 14x- 15=+13
15+13  _15-13

b x= ,
14 14

1
Hence the required roots of the given equation are: 2 and 7

4.3.3. B(iii) SOLUTION BY USING QUADRATIC FORMULA

We have seen in B(ii) that the solution of the quadratic
equation

ax’* +bx+c=0,at 0

- bx+/b’ - 4ac
are given by the formula X = . Thisformula is known

as quadratic formula. We now solve two problems to know how to
solve quadratic equations by this method.
Exercise 4: Solve by using quadratic formula:
(i) 2x* +3=7x
(ii) + 1 + 1
x-1 x-2 x-3

Solution: (i) The given equation reduces to the standard form:

2x? - 7x+3=0 and comparing this with gx?> + px+c=0
we geta=2,b=-7,and c = 3. Using quadratic formula, we find

_-bxyb?-dac _- (-7)#4(-7)*- 4723 _745
2a 2" 2 4

X

1
Hence the required roots are: 3 and 5

90 Business Mathematics (Block 1)




Basic Algebraic Concepts Unit 4
1 1
+ + =
x-1 x-2 x-3
P (x-2)(x-3)+(x-D(x-3J+(x-DY(x-2)=0
P 3x*-12x+11=0.
This equation is in standard form witha=3,b =-12, ¢ = 11.

(i)

Using quadratic formula, we get

Lo 12)+,/(-12)2- 4" 3 11 12412 _ 643
2" 3 6 3
6++/3 6-+/3
3 ' 3

Hence the roots are:

4.3.4. NATURE OF ROOTS OF QUADRATIC EQUATIONS

We have seen that the roots of the quadratic equation

ax’* +bx+c=0,at 0

- b++/b?- 4ac

are given by the formula X =

2a
Now, the following cases may arise:
ase 1: If p2 - 4ac =0, then a oa”

Therefore, the roots are real and equal.
Case 2: If p? - 4ac > 0, then the roots are real and distinct.
-b+Jm -b-m
2a a

2

The roots are: , where

m=Db”- 4ac>0-

Case 3: If p2 - 4ac < 0, then we can not find any real number whose
square is p? - 4ac - Hence, the roots are not real.

Thus we have seen that p? - 4gc determines whether the
roots of the quadratic equation gx? + px + ¢ = 0 real or not, whether
roots are distinct or not. For this reason, p? - 4acis called the
discriminant of the quadratic equation. You should notice that we

can find the nature of the roots without solving the quadratic equation.
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CHECK YOUR PROGRESS
Q 2: State whether the following statements are
true (T) or false (F).

N\

(i) The roots of x? + 2x +1 = Qare equal and real. (T /F)
(ii) If the roots of a quadratic equation are equal, then they are
always real. (T / F)
(iii) The roots of x? + x+1=0arereal. (T/F)
(iv) The roots of 2x? + 4x+1 = are distinctand real. (T /F)
Q 3: Solve the following quadratic equations by factorization method,

completing the squares, and using quadratic formula, respectively.

() x*- 7x+10=0 (i) x> +9x+14=0

. 9_
(i) x2- 3x-10=0 (iv) X- 6+;-0

4.4 SIMULTANEOUS EQUATION WITH TWO
UNKNOWNS (OR VARIABLES)

A linear equation in two variables differs from a linear equation in
one variable in having two unknowns (or variables) instead of one unknown.

The general or standard form of a linear equation in two unknowns is:

ax+by+c=0, a,b,carereal with at 0,b? 0.

Examples:
1) x+y=0 (2) x+y+1=0

The pair of values, one for and the other for which when substituted
in the equation, make both sides of the equation equal is called a solution of
the equation.
Forexample: x =1, y = 3 is a solution of the equation 2x+y =5.

The graph of a linear equation in two unknowns is a straight line.
Every solution of the equation is a point on the straight line and conversely
the co-ordinates of every point on the straight line represented by the equation
is a solution of the equation. Here we shall discuss the solution of a linear

equation of a pair of linear equations in two unknowns or simply simultaneous
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equations in two unknowns.

A pair of linear equations of the form

ax+ b1y+C1 =0and a2X+b2y+ C, =0, where
a, b, c,a,, b, c,arereal numbers and
a't0b*0a*0b,t0

is known as a system of simultaneous equations in two unknowns x and y.

There are two categories of system of simultaneous equations. These are:
(i) System of simultaneous homogeneous equations: If both ¢ and
c, are zero, then such a system of simultaneous equations is called

a system of simultaneous homogeneous equations.

Examples:
x+y=0 x-y=0
(@) 2x+y=0 (b) x+2y=0

(i) System of simultaneous non-homogeneous equations: If
a,b,c,a,, b, c,are all non-zero real numbers, then such a
system of simultaneous equations is called a system of

simultaneous non-homogeneous equations.

Examples:
X+y+1=0 X- y+5=0
(@) 2x+y-1=0 () X+2y+1=0

Now, we shall learn about the solution of a system of simultaneous
equations. The pair of values, one for x and the other for y which satisfy
both the equations is called the solution of the system. For example,
X =2, y =1 s the solution of the simultaneous equation: 2x+ 3y =7 and
5x- 2y =8.

4.4.1. CONDITION FOR CONSISTENCY

Let us consider the system of simultaneous equations:
ax+by+c =0 ... (1)
a,x+b,y+c, =0 ...(2)

Multiplying equation (1) by b, and equation (2) by b, we get
ab,x+bb,y+cb, =0 ... (3)
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abx+bb,y+bc, =0 ...(4)
(3) - (4) gives,

(ab, - a,b)x=Dbc, - b,c,...(5
Similarly, multiplying equation (1) by a, and equation (2) by a, and

subtracting we get,
(ab, - a,b)y=a,, - ac,...(6)
CASE 1:If ab, - a,b * 0, then from (5) and (6), we get
X = bc, - b, y= e - a6, 7)
a1b2 - azbl a1b2 - 2b1
Thus the system is consistent and has the unique solution given by
. A, b o
(7). Thusif ab, - a,b, * 0, thatis, a b , then the straight lines
2 2
represented by equation (1) and (2) intersect at a point having co-
ordinates
blcz - bZCl a,C, - aicz)
aibz - azbl aibz - azbl
For example, consider the system of simultaneous equations:
X+2y =4 ..()
3x- y=5...(i)
Then ab,-ab =1 (-1)-3 2=-7* 0and the lines

represented by (i) and (ii) intersect at the point (2, 1) as shown in the

figure 1. y- axis

~ /]
, 3X-Y=5
[~
-yt T 2,1
N X-axis

/

Figure 1
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_ q _
CASE 2: If 7 = ——~ ,thenlet _—b_—_—k.CIearkais
2

non zero. We get a, =ka,, b, =kb,, ¢, = kc, . Putting the values of
a,, b, ¢, in equation (1), we get k(a,x+b,y+c,) =0.
Thus the system

ax+by+c =0

a,x+b,y+c, =0
is equivalent to the system

k(a,x+by+c,) =0

a,x+b,y+c, =0

Clearly every solution of the first system is a solution of the
other and vice-versa. Since k is non-zero, the two equations (1) and
(2) represent the same equation. Therefore the system has infinitely
many solutions. Geometrically it means that the two straight lines
represented by the two equations are coincident.
For example, consider the system of simultaneous equations:

6x- 3y =12

2x-y=4
The two lines represented by the above two equations which are
coincident are shown in the figure 2.
Ay-axis

Bx-3y=12

X-axis

A
W

ﬁ\y=2}z—4

¥
Figure 2.
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CASE 3: If i = E t i , then the system has no solution. In this
a2 b2 C2

case the straight lines represented by the two equations become
parallel and hence they do not intersect at any point. For example,
consider the system of simultaneous equations:

3x-2y=2

3Xx-2y=-2
The two lines represented by the above equations are parallel to
each other as shown in the figure 3.

My-axis

Oxn -2y =2

\‘x/ X-axis

- /‘\ =

Sx -2y =-2

Figure 3.
Now, let us solve some problems.
Exercise 5: In each of the following systems of equations determine

whether the system has unique solution, infinitely many solutions or

no solution.
0) 2X-y=7 (i) 3x-2y=5
9 15
=. —X-3y-—=0
X+5y=-2 5 y 5
(iii) 5x- 2y =12
15
—X-3y=24
> Yy
Solutions:

0) 2X-y=7,x+5y=-2pb 2x- y-7=0,x+5y+2=0
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a_2_, bh_-1 ¢o_-7
Here, o "1 7 b, 5 ¢, 2
oAb | |
Since , the system has unique solution.
a2 b2
9 15

ii 3x- 2y=5 —x-3y-—=0
(i) y 5 y 5

b 3x- 2y-5=0, 9x- 6y-15=0

4.1 b _1 ¢_1
Here, 3, "3 b, 3 ¢, 3
al — bl - 1
Since [ ~ b_ =, the system has infinitely many
a2 2 CZ
solutions.
4_5.1b_-21 ¢ _-12_1
(i)~ Here, 5 "1573 b, -6 3 ¢, -48 4
oA _b,g :
Since - b , the system has no solution.
a2 2 CZ

Exercise 6: Find the value of k for which the system of equations
(k- 3x+3y=k
kx +ky =12
has infinitely many solutions. Also find some values of k for which
the system has a unique solution.

Solution: For infinitely many solutions to exist, the system must

b ¢
satisfy — = =~ Thatis, the given system must satisfy
a'2 b2 CZ
k-3_3_-K 1
k k -12 ()
3_-k
—=—Pb k®*=36b k=%6
Now, K 12 .

Verify that, k = 6 satisfy (1) and k = - 6 does not satisfy (1). Hence

the system has infinitely many solutions if k = 6.

k-3
Second part: The given system has a unique solution if K !

~|lw
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Thatis, if k? 1 gk. Some possible values of k are 1, 2, 3 etc.

4.4.2. METHOD OF SOLUTIONS OF SIMULTANEOUS
EQUATIONS:

Using algebraic method and graphical method, one can solve
a system of simultaneous equation in two variables.

(A) Algebraic methods are:

) Elimination by equating the coefficients.

(i) Elimination by substitution.

(iii) Cross multiplication.

(B) Graphical method: In this method graphs of the two
equations are drawn using the same axes of co-ordinates
and the same unit.

A (). Method of elimination by equating the co-efficients:
Consider the equations:
ax+by+c =0 ..(1)

a,x+b,y+c, =0 ...(2)

As shown in section 1.4.1, multiplying (1) and (2) by a2 and
al respectively, the co-efficients of x in both the equations can be
made equal. After subtracting we get an equation in y only from which
we can get the value of y. Putting this value in equation (1) or (2), the
value of x can be obtained. Instead of equating the co-efficients of x,
we can make the co-efficients of y in both the equations equal and
proceeding as above, the solution can be obtained.

Exercise 7: Using method of elimination by equating the coefficients,

solve the following system.

7Xx+5y =8 ]

2x-3y=-11 ...(2)

Solution: Multiplying (1) by 3 and (2) by 5, we get
21x+15y=24 ..(3)
10x- 15y =-55 ...(4)

Adding (3) and (4), we get 21x +10x =- 31p x=-1.
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Putting x =-1in (1), we obtain y = 3.
Hence the solutionis x=-1,y =3.
A(ii). Method of elimination by substitution:
Consider the equations:

ax+by+c =0 ..(1)

a,x+b,y+c, =0 ...(2)
From (1), we can express y in terms of x and in doing so we get
— T X6 .3

b,

Substituting this value of y in (2), we get

y

® ax-¢0  _
a,x+b, gb— =+, =0 and solving this we get the value of x
1 a
and then putting this value of x in (3), we can find the value of y.
Instead of expressing y in terms of x from (1), we can express
x in terms of y and proceed as above to get the solution.
Exercise 8: Using the method of elimination by substitution, solve

the following system.

—X-—y=- (3
> 3y @
1 1 13

“x+-y==" (2
3 2y 5 2

Solution: Multiplying (1) and (2) by 6, we simplify the equations and
we get

9x-10y=-12 ..(3)

2x+3y =13 (4

13- N .
From (4), ¥ =~ ...(5) and putting this value of y in (3),
we get,
ox- 1083 2X0- 1
e 3 o

p 27x-130+20x=-3
P 47x=130- 36=94

P x=2
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Putting this value of x in (5), we gety =(13-4)/3 =3.
Hence x = 2, y = 3 is the solution.
A(ii). Method of cross multiplication: Let us consider the following
system of equations:
ax+by+c =0 ..(1)
a,x+b,y+c, =0 ...(2)

Multiplying (1) by b, and (2) by b, and subtracting we get

C, - b,c
(ab, - a,b)x+(b,c - bec,)=0 P X:ﬁ... 3)
Similarly multiplying (1) by a,and (2) by a, and subtracting we get
c,a, - a,C
b,- ab)y+(ac,-ac)=0 b y=—=2 =%
(a,b, - a,b)y+(ac, - a,c) y ab, - ab, (4)

From (3) and (4) we get

X _ y _ 1
blcz - bZCl Ca, - a,C aibz - azbl (5)

Important Steps:

) Write the two equations in the standard form as:
ax+by+c =0 ..(1)
a,x+b,y+c, =0 ...(2)

(i) Write the co-efficients as:

al><: b1><: c, a,
a2 b2 CZ ><a2

X - y - 1
("I) blcz - bZCl Ca, - a,C aibz - azbl
(iv) X = b, - b,c, — Ga, - G&

a1b2 - azbl a1b2 - 2b1

Example 9: Solve the following system of equations by cross
multiplication:
2x+3y =11 ..(
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3x+2y=10 ...(2)

Solution: (1) and (2) can be written as:

2x+3y-11=0
3x+2y-10=0
Arranging the co-efficients as:
3 2 -10 3

Now, applying cross multiplication method, we get

X _ y _ 1
3 (-100-2"(-1) (-1)" 3-(-100"2 2" 2-3° 3
L X y 1 8 13
— = _=_pPp xX=—,y=—
This implies, 8 -13 -5 5 5

8 13 _
Hence X _E’ y _E is the solution.

(©) Graphical Method: In this method, we draw the graphs of
two equations. The co-ordinates of the point of their
intersection give the solution of the system of equations. The
method will be clear from the following solved problem.

Example 10: Solve graphically:
x-y+1l =0..0
Xx+2y+4=0..(2

Solution: To draw the graph of (1) and (2), we find points on the

straight lines represented by (1) and (2).

Three points on the straight line (1) :

X 0 1 -2

y 1 2 -1
Three points on the straight line (2) :

X 0 -2 -4

y -2 -1 0

The graphs of the two straight lines are shown below:
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Ay-axis

¥
Remember that while drawing the graphs of the two straight lines,
we take the same x-axis and y-axis. Taking the point of intersection
of the two axes as origin and using the same scale, we draw the
lines. The point of intersection of these two lines is the solution of
the given system of equations (1) and (2). In the graph, we see that
the point of intersection of the two lines is

(-2, -1) and hence the solutionisx =-2,y = -1.

CHECK YOUR PROGRESS

Q 4: What are the different categories of system

N\

Z N\
< ~

of simultaneous equations in two unknowns?
Q 5: What is the condition for the existence of
unique solution of a system of simultaneous equations?
Q 6: What is the condition for the existence of infinitely many
solutions of a system of simultaneous equations?
Q 7: When does a system of simultaneous equations have no
solutions?
Q 8: State whether the following statements are true (T) or false (F)
) Two non-parallel straight lines intersect at a single point.
(T/F)
(i)  Ifthe straight lines represented by the equations of a system

of simultaneous linear equations are different parallel lines,

there are infinitely many solutions of the system. (T / F)
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Q 9: Solve the following system of linear equations by

(i) The system x+y =0, x+y =1 has no solution. (T/F)

(i)  cross multiplication:
(i)  the method of elimination by substitution
(i) the method of elimination by equating the coefficients
(iv) graphical method.
2x-3y-1=0
3x+2y-3 =0

_Ig 4.5 LET US SUM UP

i

_ﬁ!

In this unit, we have learnt about two different types of quadratic
equations, namely, pure and mixed quadratic equations. We have learnt
how to solve pure quadratic equations. Also, we have seen three
different methods to solve mixed quadratic equations and these are
the factorization method, method of completing the square, and using
the quadratic formula. We have solved a good number of problems
using these methods.

We have also learnt about the discriminant of a quadratic equation.
From the discriminant we get information about the nature of the roots.
If the discriminant is zero, then the roots are real and equal, if the
discriminant is positive, then the roots are real and distinct, otherwise
the roots are not real.

We have discussed two categories of simultaneous linear equations
in two variables, namely homogeneous and non-homogeneous. We
have also discussed about the consistency of simultaneous linear
equations. There are three possibilities, namely, the system of
equations has a unique solution, the system has infinitely many
solutions, and the system does not have any solutions. We derived
three conditions to verify the above possibilities. These three

possibilities are also shown in graphs.
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4.  Finally, we have learnt about different methods to solve system of
simultaneous linear equations. There are three algebraic methods,
namely, method of elimination by equating the coefficients, method of
elimination by substitution, and method of cross multiplication. The
graphical method is also discussed by drawing graphs of a system of

simultaneous equations.

4.6 FURTHER READING

1. Khanna V. K., Zameeruddin Qazi & Bhambri S.K.(1995). Business
Mathematics, New Delhi, Vikas Publishing House Pvt Ltd. .
2. Hazarika P.L. Business Mathematics, New Delhi. S.Chand & Co.

.f 4.7 ANSWERS TO CHECK YOUR

PROGRESS
Ansto QNo 1: (a) F, (b) F, (©)T, ()T
Ansto QNo 2: (i) T, (i) T, (i) F, (iv) T,
Ansto Q No 3: (i) 5, 2, @iy -2,-7, (iii) -2, 5, (iv) 3, 3.

Ans to Q No 4: Homogeneous and non-homogeneous.
AnstoQNo5: ab,- ab *0

Ans o O No 6; -+ b
nsoQo.az bz c,’
Ans to Q No 7: &b, 6
ns to Q No ‘a, b, g

AnstoQNo8: T,F T

oo 113
Ans to Q No 9: (i), (i), (iii), (iv) 13 13
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¥& |25 MODEL QUESTIONS

1. What is a quadratic equation? Write down the standard form of a
guadratic equation.
2. Whatis a pure quadratic equation? Under what condition the equation
px> +qgx+r =0, pt Obecomes apure quadratic equation?
3.  Whatisthe highest integral value of 'k’ for which the quadratic equation
x2 - 6x + k = 0 have two real and distinct roots? For which value of k

the given equation has equal roots.

3
4.  If one of the roots of the quadratic equation X2+ mx +24=0is o then

what is the value of m?
5.  Forwhat value of 'm' will the quadratic equation x? - mx + 4 = 0 have
real and equal roots?

6.  Solve the following quadratic equations by method of factorization.

() x*- Bx+6=0 (i) 3x- 4=~2x>- 3x+2
x+3+ X-3_2x-3
Xx+2 x-2 x-1
7.  Solve the following quadratic equation by completing square.
() 2x* +3x-1=0 (i) x*+10x+24=0
8.  Solve the quadratic equations 6(i) - 6(iv) and 7(i) - 7(ii) using quadratic

(iii) 3x* +10x+3=0 (iv)

formula.

9.  What do you mean by the consistency of a system of simultaneous
equations?

10. Using method of elimination by equating the coefficients, solve the

following system.

1.1
—X-—-y=5
3 2y
L1, 7
2 3 6
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11. Using the method of elimination by substitution, solve the following

system.
5x- 6y+18=0
3x+8y+5 =0
12. Solve the following system of equations by cross multiplication:
2x-3y-19=0
3x+2y-9 =0

13. Solve the system of equations given in Q10 to Q12 by graphical

method.

*kk kkkkk k%%
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UNIT STRUCTURE
5.1 Learning Objectives
5.2 Introduction
5.3 Arithmetic Progression and Series
53.1 Arithmetic Progression
53.2 Properties of an A.P.
5.3.3 Arithmetic Series
534 Sum of first 'n' terms of an A.P. Series
5.35 Three Important Sums
5.4 Geometric Progression and Series
54.1 Properties of a G.P.
5.4.2 Geometric Series
543 Sum of first 'n’ terms of a G.P. Series
55 Arithmetic and Geometric Means
55.1 Arithmetic Mean
55.2 Geometric Mean
55.3 Relation between A.M and G.M.
5.6 Let Us Sum Up
5.7 Further Readings
5.8 Answers To Check Your Progress
5.9 Model Questions
5.1 LEARNING OBJECTIVES

After going through this unit you will be able to:
define Arithmetic and Geometric progression.
explain Arithmetic and Geometric series.

know about Arithmetic and Geometric means.

5.2

INTRODUCTION

We can write numbers following certain patterns. In this unit, we

Business Mathematics (Block 1)
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shall study two very important patterns of numbers, namely, arithmetic
progression and geometric progression. We shall also study arithmetic and
geometric series, arithmetic and geometric means. Thus, you will able to
understand through this unit, the relation between arithmetic and geometric

means.

5.3 ARITHMETIC PROGRESSION AND SERIES

Let us consider the following succession of numbers:
1. 1,2,3,4,...
2. 5,8,11,14, ...
We observe that the succeeding numbers can be obtained by adding
1in (1) and by adding 3 in (2). Such type of succession of numbers is called

a sequence and each number is called a term of the sequence.

5.3.1 Arithmetic Progression

If in a succession of numbers each term is obtained by adding

a fixed number to the preceding term except the first, then it is called
an Arithmetic Progression. The fixed number is called the Common
Difference (C.D.) of the A.P.

If an A.P. contains finite number of terms, then itis called finite A.P.
and if the A.P. contains infinite number of terms, then it is called an
infinite A.P.

Remark: The C.D. of an A.P. may be positive, negative or zero.
The first, second, third terms; etc of an A.P. are denoted by t,, t,,

t,,... etc, respectively.

Examples:
1. 1,2,3,...,20is afinite A.P. with firstterm =1 and C.D. = 1.
2. 5,8, 11, ... is an infinite A.P. with firstterm =5 and C.D. = 3.

3. 12,8, 4, ..., -8is afinite A.P. with firstterm 12 and C.D. =- 4.
Remark: C.D. of an A.P. = second term - first term
= tz - tl

We shall usually denote the first term t, of an A.P. by aand C.D. by
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Business Mathematics (Block 1)



Sequence and Series Unit 5

d. Then the A.P. may be written as

a,a+d,a+2d,a+3d, L

Hence the nth term of the A.P. is a+(n-1)d, and it is dented by tn.
Examples: (i) The first term and C.D. of the A.P. 4, 10, 16, 22, ....
are 4 and 6 respectively. Thus the nth term of the A.P. is:
t =4+(n-1)6=-2+6n=2(3n-1

,3,...areland

wl~

5
(ii) The first term and C.D. of the A.P. 1, 5

5 2
3 1= 3 respectively. Thus the nth term of the A.P. is:
2_1 2n
to=1+ -1—_—+—_—1 2n
(n-ho=35+5 =302

Exercise 1: Which term of the A.P. 16, 11, 6, ....is -79?

Solution: Here the first term and the C.D. =-5. Suppose that-79 is
the nth term of the A.P. Then,

16+(n-12)" (-5 =-79P 5n=21+79=100P N=20

Thus, -79 is the 20t term of the A.P.

Exercise 2: The 9th and 15th terms of an A.P. are 39 and 63
respectively. Find the 21st term?

Solution: In this problem, we see that the 9th and the 15th terms
can be written as g+8d and a+14d ,where'a'is the first term and
'd"isthe C.D. Equating g+ 8d and a+14d to 39 and 63 respectively,
we get a+8d =39, a+14d =63

Solving these two equations, we find that a=7, d =4.

Hence the 21stterm g+20d =7+80=87.

5.3.2 Properties of an A.P.

The following properties of an A.P. can be easily established.

(1) If each term of an A.P. isincreased (or decreased) by a number,
the resulting sequence becomes an A.P. with the same common
difference. Let each term of the A.P. a,a+d, a+ 2d, a + 3d... be
increased by a number k. Therefore the resulting sequence is:

a+k,a+d+k,a+2d+k,a+3d+Kk,...
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The above new sequence of numbers is an A.P. with first term a + k
andC.D.=(a+d+Kk)-(a+k)=d.
(2) If each term of an A.P. is multiplied (or divided) by a nonzero

number k, the resulting sequence is again an A.P. with c.d. equal to

1
k times (or K times) of the original A.P. Let us multiply each term of

theA.P.a,a+d,a+ 2d, a+ 3d... by the non-zero number k. Therefore
the resulting sequence is:

ka, k(a + d), k(a + 2d), k(a + 3d),...
The above new sequence of numbers is an A.P. with first term ka
and C.D.=k(a+d) - ka=kd.

5.3.3 Arithmetic Series

Ifthetermst,t,t,, ...,t,...ofanA.P. are added in the given
orderthent +t,+t,+ ...+t + ... is called an Arithmetic Series or
A.P. series.

Examples:
()1+2+3+...+20is an A.P. series.

(i)5+8+ 11+ ... +35isanA.P. series.

5.3.4 Sum of first n terms of an A.P. Series

Let us consider the A.P. series with terms:
at(a+td)+(a+2d)+L +{a+(n- 1d}.
and let its sum be S . Rewriting the terms in reverse order, we get
S, ={a+(n- Dd} +{a+(n- 2)d} +L_+(a+d)+a.
Adding these two series term by term, we get
2S5, ={2a+(n- D)d} +{2a+(n- )d} + L +{2a+(n- 1)d}
=n{2a+(n- Dd} =nfa+[a+(n- Dd]} =n(a+l)

b S = {2a+(n-1)d}=2[a+l]

NS

where | is the n th term of the series.

Exercise 3: Find the following sums:
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(1) (-9)+(-3)+3+L upto 25" term.
(2 4+1+(-2)+L_+(-53).
Solution: (1) Here the firstterm g=-9,C.D. d =6, n=25.

25 .. ,
Hence the required sumiis: S, = 7{2 (-9 +(25-1)" 6 =1575.

(2) Here we know the first term a=4,and C.D. d =- 3and the nth
term | = =53, but we do not know the value of n. To find the sum, we
must know this value.

Now, thenthterm | =a+(n- )d =4+ (n- 1) (- 3)whichis equal
to—-53. Thatis 4+ (n- 1)" (- 3) = - 53. Solving for n, we find that n

20
= 20. Hence the required sum is: Sy = 7{4+ (-53)} =-490.

5.3.5 Three Important Sums

n(n+1)

(1) 1+2+3+L+n=

n(n+1)(2n+1)

()1 +2°+3* +L+n*= 5

3 3 3 3_1n(n+1)uz
R L+2°+3 +L+n° = ——Fy .

] 2
Proof: (1) This is an A.P. series with firstterma=1and C.D.d = 1.
n.,. , n(n+1
Hence, Sn=§{2 1+(n-1 " L = (2 ).

(2) Note that thisis not an A.P. series. Therefore we can not find this
sum using the formula given in 2.3.4.
Wehave, r®- (r-1°%=3r?-3r+1 L(A).
On putting r =1, 2, 3, L, n successively in (A), we get
1°-0°=3"1°-3 1+1
2°-1°=322-3 2+1

n®-(n-1%*=3"n”-3 n+1

Adding the corresponding sides of the above identities, we find that
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n-0°=3"[1"+2°+L+n°]- 3 [1+2+L+n]+[1+1+L +1]]

n(n+1) ‘n

=3 [P+2°+L+n%]- 3

nin+l) _ n(n+1)(2n+1)

nj 5

(3) This series is also not an A.P. series. Therefore its sum can not

P 1*+2°+L+n? :%[n3+3

be found out by using the formula given in 2.3.4.

We have,
(r+D%- (r-12)7°=4r.
This implies, r?(r +2)?- r?(r- D> =4r> L (A).

Now, on puttingr=1, 2, 3, ... n, successively in (A), we get

1?27 22-1%7 0° =471
22’ 32_ 22’12 -A 23
32’ 42_ 32’ 22 -A 33

n*” (n+1)?-n®*" (n-17?=4"n
Adding both sides we get

n*" (n+1)?-0=41>+2°+3° +L+n?).
This implies that

_n*(n+1)?

3 3 3 3 _1n(n+1)u2
P+2°+3+L+n’= = .
|

2

4

5.4

GEOMETRIC PROGRESSION AND SERIES

Consider the succession of numbers 4, 12, 36, 108, .... Here we

observe that each term is a constant multiple of 3 of the preceding term

except the first term. If in a succession of numbers each term is obtained

by multiplying the preceding term by a fixed number except the first, then it

is called a Geometric progression. The fixed number is called the common

ratio (C.R.) of the G.P.

If a G.P. contains finite number of terms, then it is called finite G.P. and

if the G.P. contains infinite number of terms, then it is called an infinite G.P.

112

Business Mathematics (Block 1)



Sequence and Series

Unit 5

Examples: (i) 2, 8, 32, 128, ... is a G.P. with C.R. equal to 4.

111

1
ii 21 _l_l_l"". L. i M. ~
(i) 2.1, 22’8 is a G.P. with C.R. equal to >

Remark: If the first and second terms of a G.P. are t, and t, respectively,

—+

2

then the C.R. of the G.P. is equal to T
1

We shall usually denote the firsttermt, of a G.P. by aand C.R. by r.

Then the G.P. may be written as

aar,ar?arL

Hence the thterm of the G.P.is 3~ ™!, anditis dented by t .
Exercise 5: Find the 9th term of the G.P. -6, 18, -54, 162, —...

18
Solution: Here the first term is —6 and C.R. is equal to _6 =-3. Hence,

t,=a’ ré = (-6)" (- 3)8 =-39,366.
Exercise 6: Which term of the G.P. 1, -2, -8, ... is 10247

2
Solution: Here a=1r = B =-2. Suppose th term of the G.P. is 1024.

Then, a” r"'=1024pb (-2)"'=2"=(-2"pb n-1=10b n=11.

5.4.1 Properties of a G.P.:

As shown in case of an A.P,, the following properties can be

seen easily from the definition of G.P.
(1) If each term of a G.P. is multiplied or divided by a non-zero
number, the resulting terms are in G.P. with the same C.R.

That is, if a, ar, ar?,... is a G.P. with C.R. = r, then ba, bar,

bar?,... is again a G.P. with C.R. = =T.

ba

L is

o |

1 1
(2) Ifisa G.P.with C.R. =, then the reciprocals E?

Yar 1

again a G.P. with C.R. = Va r

(3) @) If a>0,r >1, thenthe second term is bigger than the first

term, third term is bigger than the second term, and so on. In
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this case the G.P. is said to be increasing.
(i)If a>0,0<r <1, thenthe G.P. is said to be decreasing.
(i) If a< 0, r >1, then the G.P. is said to be decreasing.

(iv)If a<0,0<r <1, thenthe G.P. is said to be increasing.

5.4.2 Geometric Series

Ifthe termst,t,,t, ..., t,...ofa G.P. are added in the given
orderthent +t,+t, + ..+t + ... is called a Geometric Series or
G.P. series.

Examples:
()1+2+4+ .. +64isaG.P. series.
(i)5+15+45+ ... +1215is a G.P. series.

5.4.3 Sum of first n terms of a G.P. Series

Let S, be the sum of the first n terms of the G.P. a, ar, ar?, ....Then,
S,=a+ar+ar’+L+a"™ (1.

Multiplying both sides of (1) by r, we get
S, =ar+ar’+ar’+L+ar" (2).

Subtracting (2) from (1), we find that

S,-rS,=a-ar"b (1-r)S, =a@-r")b S, :a(i:—:”), rtg
Remark: Ifa=1,then 1+ +r® +L +r"" = 11__ rr” :

Examples:

(i) 1+2+4+L+64:1+2+22+L+26=r(1—'27)=127_

(i) The sum of first 6 terms of the G.P. series: 5+15+45+... is

- _ 26
S, = 5 (1-3) _ 1820.
3
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A
A\ /
Z 2 /- CHECK YOUR PROGRESS
A‘
A Q 1: State whether the following statements are

True (T) or False (F).

(i) 18, 11, 4, -3,...is an A.P. with C.D.= -7. (T/ F)

(i) The n" term of the A.P. 12, 14%, 17,...is % (5n + 17). (T / F)

(iii) The multiples of 5 lying between 10 and 100 form an A.P. (T/F)

(iv) 143 is a term of the A.P. 15, 23, 31,... (T/F)

(v) The 7t and 13" term of an A.P. are 35 and 63 respectively.
The 19" term is 93. (T/F)

(vi) Thenth termofanA.P.is3n-1. The C.D.is 3. (T/F)

Q 2: Fill up the blanks.

() 12+22+1L+10°= -+ onn.
(i) 1+3+5+L+(2n-D=.......

Q 3: State whether the following statements are True (T) or False (F).

1
() 0.3+0.03+0.003+L. is a G.P. series with C.R. = 7. (T/F)

1 1
(i) The 9th term of the G.P. 2, - lE’ -—,Lis -192. (T/F)

4
iii) 6th t fl_ﬂl_6 i _i T/E
(iii) ermo 5" o5’ is 3005 ( )
1 J2 11
i | 21]-1_1_1'—
(iv) a2 is a term of the G.P. \/E 2 (T/F)

(v) If 5" term and 8" term of a G.P. are 16 and 128 respectively,
the 10th term is 512. (T/F)

5.5

ARITHMETIC AND GEOMETRIC MEANS

5.5.1. Arithmetic Mean

If a, b, c are three numbers such that they are in A.P., then is called

the Arithmetic Mean (A.M.) of a and c. Since are in A.P., we have

b-a=c-bb b:a‘T+C
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Thus the A.M. of two numbers and is equal to the average of them. If
a,m,m,,L,m,b are in AP, then m, m,, L, m are said to be n
arithmetic means between a and b.

Now, a, m, m,, L., m_, b are inA.P. and clearly there are n+2 terms in this
A.P. If the C.D. is d, then n+2) th term is a+[(n+2)- 1Jd =a+(n+1d,
which is equal to b. Thus, a+(n+)d =bb d = %-
Using this value of d, we get.

ml:a+d:a+b' L, mn:a+nd:a+nb' a
n+1 n+1

Exercise 6:If3,p,q,r,—=17 areinA.P., find p,q, &r.
Solution: Let d be the C.D. of the given A.P. Then,
a+4d=-17b 3+4d=-17b d=-5.

Thus, p=3+d=-2, g=3+2d=-7, r=3+3d=-12

5.5.2 Geometric Mean

If &, b, c are three numbers such that they are in G.P,, then is called
the Geometric Mean (G.M.) of a and c. Since a, b, c are in G.P., we

have

gng b?>=ach b=4+ac

Thus the G.M. of two numbers a and c is equal to the square root of
their product. If a, m, m,, L., m_, barein G.P.,then m, m,, L., m,
are said to be n geometric means between a and b.

Now, a, m, m,,L., m ,b are in G.P. and clearly there are n+2
terms in this G.P. If the C.R. is ‘r’, then (n+2) th term is
a’ rma-1 =g~ (™ which is equal to b. Thus,

1

; b ..m
a r"=pb r"™="pr :(;aé—)9
a eag
Using this value of , we get.
1 n
, , On+1 , , On+1
m=a r=a 8@9 , L, m=ar"=a 8@9
eag eag
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Exercise 7: Find 5 Geometric means between 3 and 192.
Solution: LetG,, G,, G,, G,, and G, be the 5 G.M. between 3 and 192.
Here a = 3 and the 7" term is 192. If r is the C.R., then

a r®=192pb 3 r®=192b r®°=64=2°p r=2
Thus, G,=3x2=6,G,=3x22=12, G, =24, G, = 48, G, = 96.

5.5.3 Relation between A.M. and G.M.

Let a and b be two real numbers. Then their A.M. and G.M. are

a+b _
> and ./ab respectively. Now,

+ +b- 2 1
AM.-GM= aTb- @=%=E(\/§- Vb)? L)
Again, for any two real numbers a and b,

(Ja- b)*s 0P ~(Ya-¥b)*2 0 L2

From (1) and (2), we get A.M. 3 G.M.

Special Cases:

1
(i) If a1 b, then E(\/a- Vb)? > 0and hence A.M. > G.M.

(i) If a =b, then A.M. = G.M.
Exercise 8: If G is the G.M. of a and b, and p, g are two A.M.'s
between a and b, prove that G? = (2p- g)(2q- p)-

atq
2

Solution: Here a, p, gq, b are in A.P. and hence P= and

_ptb _ .. _ bt
5 . This implies that g 5

Again, G2 = gp and this implies that G = (2p- g)(29- p)

Tﬁg 56 LET US SUM UP

In this unit, we have learnt about two different patterns of numbers,

A.P. and G.P. We derived formulas to find sum of first terms of A.P. and G.P.
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series. We have also learnt about Arithmetic and Geometric means and

relations between them.

5.7 FURTHER READINGS

1. Khanna V. K., Zameeruddin Qazi & Bhambri S.K.(1995). Business
Mathematics, New Delhi, Vikas Publishing House Pvt Ltd. .
2. Hazarika P.L. Business Mathematics, New Delhi. S.Chand & Co.

{ 5.8 ANSWERS TO CHECK YOUR

PROGRESS
Ans to Q No 1:
T, (@()F (i)T, VT, (VF (vi)T
Ans to Q No 2:
(i) 385, (ii) n?,
Ans to Q No 3:

OT, F @)T, V)T, (VT

¥& |59 MODEL QUESTIONS

1. How many terms of the series 12+15+18+... beginning from the first
amount to 4957

2. Find four numbers in A.P. if their sum is 20 and sum of their squares is
120.
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3. The pthtermof an A.P.is a and the thtermis b. Prove that the sum

ptge

ga+b+ a-bo

P-dg
4. The5™"and 7" term of a G.P. are 81 and 729 respectively. Find the 6"

of the first (p+q) terms is

term.
5. Three numbers are in A.P. and their sumis 21. If 1, 2, 15 are added to
them in order then the resulting numbers are in G.P. Find the given

numbers.

a_ 3+2/2
6. If - =—_—"7=, prove thatA.M. of a and b is three times their G.M.
b 3-2/2

*kk kkkkk k%%
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